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Abstract 

We investigate the collinear and Regge behavior of the 2 — )• 4 MHV amphtude in = 4 
super Yang-Mihs theory in the BFKL approach. The expression for the remainder function in 
the cohinear kinematics proposed by Alday, Gaiotto, Maldacena, Sever and Vieira is analytically 
continued to the Mandelstam region. The result of the continuation in the Regge kinematics 
shows an agreement with the BFKL approach up to to five-loop level. We present the Regge 
theory interpretation of the obtained results and discuss some issues related to a possible non- 
multiplicative renormalization of the remainder function in the collinear limit. 
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1 Introduction 



The recent developments in the study of the Maximahy HeUcity Violating (MHV) amplitudes 
in = 4 super Yang-Mills theory encourage us to apply a well studied Balitsky-Fadin-Kuraev- 
Lipatov (BFKL) approach to test some analytic results available on the market. The study of 
the MHV amplitudes is traced back to the paper of Parke and Taylor py, who showed that a 
tree-level gluon scattering amplitude significantly simplifies for a definite helicity configuration 
of the external particles. The simplicity of the tree MHV amplitudes suggested that they could 
have some nice properties also at the quantum level. This idea led to a formulation of the 
Anastasiou-Bern-Dixon-Kosower (ABDK) [2j and later to the Bern-Dixon-Smirnov (BDS) [3j 
all-loop formula for multi-leg MHV amplitudes in = 4 SYM. The BDS ansatz was tested in 
the regimes of the strong coupling by Alday and Maldacena [3] and the weak coupling by two of 
the authors in collaboration with Sabio Vera [5]. Both of the studies showed some inconsistency 
of the BDS formula for a number of the external gluons being larger than five. At strong 
coupling the multi-leg MHV amplitude was considered in the limit of the very large number of 
external legs using the minimal surface approach [6j. At weak coupling, the analytic structure 
of the BDS amplitude was studied at two loops for four, five and six external gluons in the 
multi-Regge kinematics [5]. The BDS amplitude with four and five external gluons were shown 
to be compatible with the dispersive representation in the Regge kinematics, while the six gluon 
BDS amplitude at two loops could not match a form expected from the Regge theory. This 
deficiency becomes especially clear if we consider a physical kinematic region, where some of 
the energies are negative (this region has been named Mandestam region). It was argued fS*, '7] 
that the BDS amplitude should be corrected starting at two loops and six external gluons due 
to the fact that it does not account properly for the so-called Regge or Mandelstam cuts in 
the complex angular momenta plane. The two loop correction to the six gluon BDS amplitude 
was calculated in the multi-Regge kinematics by two of the authors in collaboration with Sabio 
Vera [7] using the Balitsky-Fadin-Kuraev-Lipatov (BFKL) approach [8]. 

On the other hand recent studies showed an intimate relation between expectation value of 
polygon Wilson loops and scattering amplitudes in = 4 SYM. It was assumed [6j that the 
BDS formula can be corrected by a multiplicative function named the remainder function, which 
depends only on conformal invariants (anharmonic ratios) in the dual momenta space [U 110] . 
The remainder function for the six-gluon MHV amplitude was calculated by Drummond, Henn, 
Korchemsky and Sokatchev [TT] and presented in terms of rather complicated four-fold integrals, 
which were simplified in the quasi-multi-Regge kinematics by Del Duca, Duhr and Smirnov [121 
[13] and expressed in terms of generalized Goncharov polylogarithmic functions of three dual 
conformal cross ratios. Their result was greatly simplified by Goncharov, Spradlin, Vergu and 
Volovich (GSVV) [2] using the theory of motives and was compactly written in terms of only 
classical polylogarithms. The analytic continuation of the GSVV remainder function to the 
Mandelstam region in the multi-Regge kinematics was performed by two of the authors \15\ [T6] 
reproducing the leading logarithmic prediction of ref. [7] . It also confirmed [U [16] the validity of 
the dispersion-like relations for the remainder function in the multi-Regge kinematics found by 
one of the authors pT] for the 2 — )• 4 and 3 — )• 3 scattering amplitudes. The six-particle MHV 
amplitude at the strong coupling was also investigated by one of the authors in collaboration 
with Kotanski and Schomerus |18] in the Mandelstam region in the multi-Regge kinematics. 
The analysis of the analytic properties of the system of y-equations allowed to extract the 
leading asymptotics, which is related to the Pomeron intercept at strong coupling. 

Besides the multi-Regge regime, the remainder function was also considered in the so-called 
collinear kinematics, where two or more external gluons become collinear. In this kinematics 
the remainder function vanishes, but subleading corrections can provide some information on 
anomalous dimensions of composite operators in the Operator Product Expansion (OPE) of the 
polygonal Wilson loops. The OPE analysis suggested by Alday, Gaiotto, Maldacena, Sever and 
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Vieira (AGMSV) [19] allowed to make prediction for the collinear behavior of the remainder 
function at strong and weak coupling in the Euclidean kinematics. This analysis was extended 
by Gaiotto, Maldacena, Sever and Vieira [20j to reproduce the full two remainder function of 
the six-particle MHV amplitude. It should, however, be kept in mind that this OPE expansion 
might be quite different from the usual short distance of light cone expansions of color singlet 
operators. Strictly speaking, in the present case we are dealing with planar amplitudes and all 
exchange channels are in adjoint color states; furthermore, there could be a non-multiplicative 
renormalization, i.e. one can have several operators with different anomalous dimensions. 

In the present study we investigate the AGMSV expression for the remainder function for 
the six-gluon MHV amplitude at weak coupling and compare it with the BFKL predictions 
in the double-logarithmic approximation. We perform analytic continuation of the 2 — )• 4 
amplitude to the Mandelstam region and extract the leading logarithmic terms in the multi- 
Regge kinematics reproducing the BFKL result up to five loops. In order to find this agreement 
we split the anomalous dimension given in the AGMSV formula into two pieces, each of them 
having poles only in one semiplane. We find that all the known BFKL contributions come only 
from one of these two contributions. This agrees with the Regge theory expectation to have 
a clear separation between the negative and positive poles for the s-channel discontinuities of 
the remainder function, suggesting a sum of two exponentiations of the anomalous dimensions, 
which becomes important already at three loops. The proposed alternative exponentiation 
agrees with the Regge theory analysis and coincides with the AGMSV expression at two loops. 
The ambiguity between the two exponentiations can be resolved by taking into account next-to- 
leading corrections to the eigenvalue of the BFKL Kernel in the adjoint representation, which 
are currently not available and will be calculated in the near future. 

The content of the paper is presented as follows. In the first section we overview the BFKL 
analysis applied to the 2 — )• 4 scattering MHV amplitude in the multi-Regge kinematics. The 
section [3] is devoted to the collinear behavior of the remainder function in the Mandelstam 
region, where we calculate the all-loop expression in the collinear and multi-Regge kinematics 
with double logarithmic accuracy. Then we present details of the analytic continuation of 
the AGMSV remainder function to the Mandelstam channel and comparison with the BFKL 
approach up to five loops. In the section |4] we consider the interpretation of the obtained 
result from the point of view of the Regge theory and propose an alternative exponentiation 
for the anomalous dimension. The main results are discussed in the last section. Some detailed 
calculations are presented in the appendices. 

2 Regge limit 

In this section we discuss the (multi-) Regge kinematics of the six-gluon scattering MHV ampli- 
tude, considered in our previous studies in the regime of the weak [5l El [El [IH [21] and strong 
coupling [18]. The six-gluon amplitude describes to two physical scattering processes, namely 
to 2 — )• 4 and 3 — )• 3 scattering. In the present study we are mainly interested in the 2 — )• 4 
MHV amplitude at weak coupling in the physical channel, where the Mandelstam cuts give a 
non-vanishing contribution. We call the corresponding channels - the Mandelstam channels. 
For the purpose of the present discussion it is convenient to introduce the kinematic invariants 
shown in Fig. [H 

The invariants are defined as s = {pA +Pb)'^, si = {pA' + ki)'^, S2 = {ki + /c2)^, S3 = 

{pB' + k2f, SOI2 = {PA' + kl+k2Y, S123 = {PB'+kl+k2Y, h = (pA-PA'f, t2 = {PA-PA'-klY 

and ts = {pb — Pb')"^ ■ The dual conformal cross ratios are given by 



B 



Pb' 



Figure 1: The 2 — 4 gluon scattering amplitude. 



The multi-Regge kinematics, where s soi2 ,•5123 ^» si, S2, S3 ^ \ti\, \t2\, jtsl imphes 

1-7X1^+0, 7X2^+0, 7X3^+0, -!^^Oil), (2) 

1 — Ui 1 — Ul 

which suggests that in this kinematics the convenient variables for the remainder function are 
1 — Ul and the reduced cross ratios defined by 

U2 ~ U3 

U2 = z , ""3 = . (3) 

1 — Ul 1 — Ul 

In the Regge limit they can be expressed through S2 and the transverse momenta 



S2 (ki + k2)2 q^ (ki + k2)2 q^ 



so that the energy S2 dependence of the remainder function is related only to a dependence on 
Ml and not on U2 and U3. This is not the only choice for expressing the energy dependence in 
terms of the dual cross ratios, but we do not consider other choices for the sake of clarity of the 
presentation. 

In the "Euclidean" kinematics ( s, S2 < 0) the remainder function vanishes as it follows from 
the analysis presented in refs. [5l[7j. However, these studies also show that this is not the case 
in a slightly different physical region, where one or more dual conformal cross ratios possess a 
phase. This happens when some energy invariants change the sign. In the present paper we 
consider one of such regions of the 2 — )• 4 scattering amplitude having 

Ul = |ui|e-^2'^, (5) 

together with U2 and U3 held fixed and positive. This corresponds to a physical region (the 
Mandelstam channel), where 

s,S2>0; si, S3, S012, S123 < (6) 

as illustrated in Fig. [2j It is worth emphasizing that the scattering amplitude in Fig. [2] is 
still planar, but the produced particles have reversed momenta ki and ^2 with negative energy 
components. 

In the Mandelstam channel the remainder function grows with energy and was first calculated 
using the BFKL approach by two of the authors in collaboration with A. Sabio Vera in ref. 
The BFKL approach, based on the analyticity and unitarity was developed more than thirty 
years ago [8]. In this approach one sums the contributions from the Feynman diagrams, which 
are enhanced by the logarithms of the energy (1 — ui ~ (ki + k2)^/s2 in our case). The Leading 
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Figure 2: The Mandelstam channel of the 2 — )• 4 gluon planar scattering amplitude. 



Logarithmic Approximation (LLA) allows to write an integral representation of the remainder 
function R^p^L order of the parameter In S2 ■ The amplitude in this Mandelstam 

channel is given by |7j 



M2_,4 = Mf4f Rspt^L = Mi^f (1 + iA2^4), (7) 

where M^J^f is the BDS expression [3] and the correction A2->.4 was calculated in all orders 
with a leading logarithmic accuracy using the solution to the BFKL eigenvalue in the adjoint 
representation. The all-order LLA expression for A2->4 reads 



a 



n=—oo 

oo 



E (-1)" / -r^ (^*)^^"^ (^)^^^^ ((1 - -i)"^^^'"^ - 1) 



2 n=-oo ^'^ + ^ 

Here ki,k2 are complex transverse components of the gluon momenta, qi,q2,Q3 are the corre- 
sponding momenta of reggeons in the crossing channels. It is convenient to define holomorphic 
and antiholomorphic variables in the transverse space as 

Qsh , q*3kl 

related to the reduced cross ratios of ^ by 

\w\ = — = —, w = \w\e"^^^ cos(02 - (f>3) = ^ ■ = ^ , • (10) 

The energy behavior of the remainder function is determined by the reggeon intercept 

uj{u,n) = -aE^^n, (11) 
where a is the perturbation theory parameter 

a = 

2tt 

and Eu^n is the eigenvalue of the BFKL Kernel in the adjoint representation given by 



(12) 



Eu,n = + V' (^1 + + yj + (^1 - + y ) - 2V(1). (13) 



Here ip{z) = T'{z)/T{z) and 7 = —^(1) is the Euler constant. The two loop LLA expression for 
remainder function in the BFKL approach was first found from ([7]) and ([8]) in ref. [7] 



-^SFAX^ ~ — ln(l — ui) \nu2 Inu^ = — ln(l — ui) In |1 + In 



w 



(14) 



This result was shown by Schabinger [22] to agree numerically with the expression obtained by 
analytic continuation of the remainder function found by Drummond, Henn, Korchemsky and 
Sokatchev [IJJ from Wilson Loop/Scattering Amplitude duality. The remainder function (jl4p 
was then explicitly confirmed by two of the authors |15j performing the analytic continuation 
of the Goncharov-Spradlin-Vergu-Volovich (GSVV) two-loop expression [H]. The analytic con- 
tinuation allowed also to extract the next-to-leading contribution, not yet available from the 
BFKL approach 

^(2) NLLA ^ ^ 1^ |^|2 1^2 I ^ ^|2 _ ^ J^S | ^ ^ ^|2 ^ |^|2 (Li2(_^„) + U2{-W*)) 

-i27T{Us{-w) + Lhi-w*)). (15) 

The LLA term in (I14p is pure imaginary and symmetric under w ^ 1/w transformation in 
accordance with ([8]). The next-to- leading (NLLA) contribution in (jlSp is also pure imaginary 
and has the same symmetry. Both of the contributions are pure imaginary due to a cancellation 
of the real part coming from the Mandelstam cut, Regge pole and a phase present in the BDS 
amplitude as was shown by one of the authors [17J. Starting at three loops this cancellation does 
not happen anymore and the real part gives a non- vanishing contribution at the next-to-leading 
level. The analysis of ref. [T^ based on analyticity and other general properties of the scattering 
amplitudes resulted in a formulation of the dispersion-like relation for the real and imaginary 
parts of the remainder function in the Regge kinematics at the Mandelstam region 

/ioo J 
— /(a;)e-^'^'^(l-ni)-'^, (16) 
-ioo 27rz 

where the first term in RHS corresponds to the contribution of the Regge pole. This term as 
well as the phase 6 in LHS of (jl6p are obtained directly from the BDS formula [17] 

= ln(u2U3) , Wafe = — In — . (17) 
8 8 U3 

The second terms in RHS of ()16p stands for the contribution of the Mandelstam cut. The 
coefficient — 4a is the cusp anomalous dimension known to an arbitrary order of the per- 
turbation theory. The only unknown piece in Eq. [16] is the real function /(w), which contains 
the Mandelstam cut in oj and depends only on the transverse particle momenta and has no 
energy dependence. In the leading logarithmic approximation /(w) can be extracted from ([8]) 
and reads 

a ^ r 1 (-1)^ 



fLLA^^) = ^ y dv \ , ^~'> , (u;*)^^-t («;)-+? , (18) 



where uj{v,n) is defined in (|lip . 

The dispersion-like relation in (jl6p was used for calculating the three loop contributions to 



W^' (leading imaginary and the sub-leading real terms) in the multi-Regge kinematics 

43)^^^/ = iA(^_if ^/a^ = ivri ln2(l - m) (in \w\^ In^ |1 + - ^ In^ |1 + (19) 
In^ \w\^ \n\l + w\^ + ]-\n \w\^ (Li2(-w) + Li2(-u;*)) - Li3(-u;) - Li3(-t(;*) ] 

4 Z / 



and 

^) = ^ ln(l - ui) (^In \w\^ In^ |l + - ^ In^ |1 + (20) 

In^ \w\'^ \n\l + w\^ - In (Li2(-u') + Li2(-u;*)) + 2U3{-w) + 2Li3(-u'*) j . 

As in the two loop case, both (I19p and (I20p are symmetric under w — )• l/w transformation, 
which is obvious from ^ and corresponds to the target-projectile symmetry of the scattering 
amplitude. The corrections, subleading in the logarithm of the energy, are not captured by ([8]) 
and require some knowledge of the next-to-leading impact factor and the intercept of the BFKL 
eigenvalue in the adjoint representation. While the latter is still to be found from the next-to- 
leading BFKL equation, the correction to the impact factor was obtained in ref. pTO] extracting 
it from (|15p . This result showed an intriguing relation between next-to- leading corrections to 
the impact factor at two loops and the three loop leading logarithmic contribution (see sections 
4 and 5 of ref. [16] for more details). 

In the next section we discuss the collinear limit of the scattering amplitudes in the multi- 
Regge kinematics, which is similar to the double logarithmic approximation with an overlapping 
of the BFKL and DGLAP approaches. 



3 Collinear and Regge kinematics 

In this section we consider the collinear limit of the amplitudes in the multi-Regge kinematics. 
In this limit two neighboring particles become collinear and one of the energy invariants tends 
to zero. Among a variety of possibilities we pick up one case, where the initial particle with 
momentum in Fig- His collinear to a particle in the final state with momentum p^'- This 
corresponds to — )• and thus to U2 — )• 0. At this point we should take care about one 
fine point. Namely, in our analysis based on the BFKL approach we choose the largest scale 
dictated by the multi-Regge kinematics, which produces the leading logarithms in each order 
of the perturbation theory in the effective summation parameter, which is aln(l — ui). Taking 
the collinear limit we introduce another, a potentially larger parameter, which at the first sight 
does not satisfy the basic assumptions of the BFKL approach. In a general case the collinear 
and Regge limits do not necessarily commute, but having a physical intuition from the BFKL 
and DGLAP equations we have all reasons to believe that these two limits are interchangeable. 
This is indeed the case as will be shown later. 

We start with taking U2 — ?• (is — )• 0) faster than 1 — ui, in other words we assume that the 
reduced cross ratio U2 in ([3|) vanishes in contrast to the multi-Regge kinematics in ([2]), where it 
is kept to be of the order of unity. It is also known that in the collinear kinematics U3 ~ 1 — -ui 
for t(2 — >• and we will use that fact later. So that now we choose the following kinematics in 
terms of the dual conformal cross ratios (compare to the Regge kinematics in ([2])) 

l-Ul^+O, 7X2^+0, U3^+0, -^^ = U2^+0, -^^=^3-1, (21) 

1 — Ul I — Ul 

which in terms of w and w* implies (see (jlOp ) 

1-ni^+O, |'u;|^+0, cos{(l)2- h) ^0{1). (22) 

In the BFKL approach one sums large logarithms ln(l — ui) keeping finite. We approach 
the limit ()22p by taking ln\w\ to be of the order (though not larger) of ln(l — ui), which is still 
compatible with the BFKL resummation. 
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Expanding in this limit the two- and three- loop results for the remainder function in (jl4p . 
(fT5]) . (fT9]) and ([20]) we obtain 

i?g],^^^ + i?(2)^ii^ ~ _i27rcos(</.2 -(/-s) (ln(l-ni)ln|u;| +21n|w;| -2) (23) 

and 

RbIk'^l - -y - ni) cos(</)2 - (t^z) \w\ In^ |«;| (24) 



as well as 



K (iiKi^^) ^ -^^ ln(l - ui) cos(</.2 - (/^s) hi In^ \w\. (25) 



The BFKL approach allows to calculate in the double logarithmic limit the leading imaginary 
and real contributions to any order of the perturbation theory. In the collinear limit |w| — t- the 
largest contribution in the integral over in ([8|) comes from the poles aX v = —in/ 2 for n = 1. 
The details of this calculation are presented in appendix |A] and the result is expressed in terms 
of the modified Bessel functions Ik{z) as follows. The contribution leading in both ln(l — ui) 
and In I till reads 

Rbf¥l ~ i2™cos(</.2 - 03) \w\ (l - h (2Valn|u;|ln(l-ni))) , (26) 

while the real part of the contribution suppressed in the logarithm of the energy ln(l— ui) (NDLLA 
term) is given by 



Ii ( 2Y^a In |w| ln(l — ui) 

^ {RBpkL^) - 2vr2a3/2 cos(02 - h) \w\ In \w\—^ — r ^ (27) 

^ ' ln(l — ui) 

+4:Tr'^a cos(02 — (ps) \M In \w\ ^1 — Iq (^2^/ a In |tt;| ln(l — ni)^ ^ — 2tx^c? cos(02 — </'3)|^^| In \w\ 

The collinear limit of the remainder function for the six-gluon planar MHV amplitude was 
earlier considered by Alday, Gaiotto, Maldacena, Sever and Vieira (AGMSV) in ref. [19j. They 
suggested that introducing the following parametrization of the dual conformal cross ratios 



1 sinh r tanh r e " sinh r tanh r 

cosh^ r ' 2 (cos 6 + cosh r cosh o") ' 2 (cos 6 + cosh r cosh a) 



one can write the remainder function in the collinear limit r — )■ oo in a rather compact way 

~ cos<^ e-^^^^^^^^ I dp e^^^c'{pht\p), (29) 

where £ is a number of loops and 71 (p) is the anomalous dimension of high spin operators 
considered in the operator product expansion of ref. [E] (see also a paper of Basso [23] ) 

71 (P) = + f ) + ^ - f ) - 2^ (1) • (30) 

The function c^[p) can found from one loop (i.e. the BDS expression) and reads 
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Indeed, for the 2 — )• 4 amplitude we can write the BDS at one loop up to irrelevant terms that 
depend on fj? and e as 



le + Fq — In sin S2 In s In ti In s In t3 In si In S2 In si In ti (32) 

2 2 2 2 2 

+ ^lnsilnt3 - ^lns2 In S3 + ^Insslnti - ^ In S3 lnt3 + ^ + Ri, 

where R^^^ is a function of only anharmonic ratios Ui 

3 



R^'^ = E 111' ^^ + Li2(l - Ui)) . (33) 



In the collinear limit r — )• 00 we obtain 



2 

~ _T-2 + 2rln2 - — - In^ 2 - cr^ + cos e-^/io(CT), (34) 



00 



where 

ho{a) = I c'-°\p)e'P''dp (35) 
J —00 

for 

This simple one-loop analysis allows us to fix the normalization in (j3ip . However, taking 
into account some ambiguity in expressing the finite part of the BDS formula in terms of the 
anharmonic ratios we fix the normalization of c^^\p) using the two-loop remainder function. 
Both of them give the same expression for c^^\p) as we show later. It is worth emphasizing 
that the one- loop BDS "remainder function" R^^^ in (I33p can be compactly written as 

(37) 

Polylogarithmic functions of the same argument appear also in the two-loop remainder function 
suggesting an intimate relation between the BDS amplitude and its corrections. 

The expression in ()29p was also shown to agree numerically [19] at two loops with the result 
of Goncharov, Spradlin, Vergu and Volovich (GSVV) [13]. The GSVV remainder function was 
derived for quasi- multi Regge kinematics [12, .13j . but it was argued to be valid also in a general 
kinematics for positive values of the dual conformal cross ratios. The analytic continuation in 
one of the dual conformal cross ratios, namely the one given by ([5|), with subsequent multi- 
Regge limit of ([2]) reproduces the LLA BFKL result [15] for the physical Mandelstam region. 
Naturally, an important question to be asked is whether or not one can perform a similar analytic 
continuation of the AGMSV expression in (|29p to find an agreement or disagreement with the 
BFKL analysis. In the attempt of answering this question we immediately face a difficulty of 
treating the cosine factor in ()29p . In deriving the remainder function in the collinear limit ()29p 
it was assumed in ref.[19j that the absolute value of cos(/> is finite and is much smaller than r. 
It is indeed the case also in the collinear and Regge kinematics we are interested in (see (I2ip ). 
However, it is easy to see from the definition 

U1 + U2 + U3-I 
cos0 = , (38) 



P 



that in the course of the analytic continuation ([5]) at ui = |tii|e~*'^ the numerator becomes of 
the order of 2, while the denominator is still small and thus ()38p is not limited anymore. This 
means that one cannot directly apply the analytic continuation ([5]) to the AGMSV expression, 
because the unlimited growth of coscp at ui = \ui\e~^^ does not satisfy the assumptions of 
the collinear expansion and therefore (|29p is not always valid during the analytic continuation. 
We face a similar problem performing the analytic continuation ([5]) of the GSVV remainder 
function, when the value of 1 — ui at ui = \ui\e~™ becomes of the order of 2 and thus does 
not satisfy the first condition in the multi-Regge kinematics given by ([2]). However, the GSVV 
expression is valid for all positive values (arbitrary kinematics) of the dual conformal cross ratios 
and therefore its continuation does not lead to any difficulty. 

In the case of the collinear expansion the condition of having cos (p being limited along the 
path of the analytic continuation forces us to modify the simple circular path for ui in ([5]) 
and/or change also paths of U2 and u^, which are trivial in ([5]). The initial and the final points 
of the analytic continuation should be the same, and a deformation of the continuation path is 
possible under condition that we do not cross any singularities of the remainder function. 

It is plausible that one can deform the path of the analytic continuation of the remainder 
function in such a way that cos (j) in (|29p remains limited along a new path. In other words 
the new path could be compatible with the collinear kinematics. To prove it in the case of the 
two-loop GSVV expression one should consider the analytic continuation of the function of two 
variables ui and U3, keeping U2 fixed and small. We hope to do this in the future. Below we 
assume that such a deformation of the path of the analytic continuation does exist. 

Note that in general kinematics we defined (see (j28p ) 

— = e , cr = -ln— (39) 
M3 2 U3 

and thus the analytic continuation of (j29p along a path given by ([5|) in the complex c-plane 
would mean a simple shift 

a ^ a -ITT, (40) 

where a is large and positive for multi-Regge kinematics given in ([2]). We name this path in 
the cr-space the path A and argue that this continuation is not valid for expressions, where the 
collinear limit was performed first. 

On the other hand in the collinear kinematics (provided cos (p is of the order of unity) the 
cross ratios can be approximated by (see (i28]l ) 

U2 ^ 4e"^^, ui ~ — , U3 ~ — (41) 

2 cosh a 2 cosh a 



with a simple relation M3 ~ 1 — ui. So that we can plug this relation in (j39p and redefine 

^^lln,^^, (42) 
2 1 — ui 



which gives the same expression for the function of a in (I29p in the collinear limit, but changes 
the path of the analytic continuation in the fi-plane for ui = |ui|e~*^'^. In fact, the use of (j42p 
instead of (j39p in the expression (j29p means the redefinition of this expression in the region 
beyond the collinear limit. We believe, that in the case, when a depends only on ui, it is 
possible to prove, that the path of the analytic continuation can be deformed in such a way that 
cos(/> remains restricted along this path and, as a result, ()29p can be used for the continuation. 

We name the path corresponding to our new definition of a in (j42p the path B, and assume 
that the analytic continuation with this deformed path is valid also for expression where the 
collinear limit was performed first. In particular, we see that in contrast to the analytic contin- 
uation along the path A the cosine factor can be made finite at the point ui = \ui\e~^'^ since 



in 



the numerator can have the same smallness as the denominator provided is adjusted in the 
corresponding way. Note that this analytic continuation is different from one apphed to the 
GSVV remainder function in ref. [15j, because U3 is not kept fixed anymore and acquires some 
phase. However, in the course of the analytic continuation along the path B we never cross the 
imaginary axis in the complex us-plane, i.e. never go to the negative real values of ^3 and thus 
do not cross the singularities of the GSVV expression. The paths A and B in the ti3-space are 
illustrated in Fig. [3l where tp is defined by ui = |ui|e~*'^ and changes from to 27r in the course 
of the analytic continuation. 

2 TT 

- TT 

*■ 

> 




Figure 3: The paths A and B in the Ms-space. The phase il) is defined by U\ = |Mi|e~*'^ and takes 
values between and 27r in the course of the analytic continuation. The value of is the same at 
the initial and final points of the paths A and B. 

The fact that never crosses the imaginary axis allows us to deform smoothly the path of the 
continuation and so that it could be compatible with the collinear kinematics. To demonstrate 
this fact, we performed the analytic continuation ([5]) of the GSVV remainder function for 
arbitrary, but small values of U2- Then we took the collinear limit n2 — t- of the continued 
function, substituted us ~ 1 — for an arbitrary value of ui (i.e. no Regge limit) reproducing 
the result of the analytic continuation of (j29p along the path B for arbitrary positive a. This 
way we show that the analytic continuation of AGMSV expression in (I29p along path B is 
justified. 

As the next step in our analysis we want to apply the analytic continuation B to the AGMSV 
expression in (I29p at higher loops and after taking the a — )• +00 limit compare the result to the 
one obtained in the BFKL approach. This requires a knowledge of the overall constant, which 
is possible to fix at two loops expanding the GSVV remainder function at r — )■ 00. We find that 
it can be written as 

R^alvv ~ cos e'^ (-r/ii(a) + hf^^a)^ + O (e-^-) , (43) 
where hi{a) is a function calculated in ref. [19] 

hi (0-) = -2 cosh 0- (2 In (1 + e^") In (l + e"^'^) - 4 In (2 cosh a)) - 8a sinh a. (44) 
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The sub-leading in r contribution we extract from the GSVV expression 

2 8 
hf'^ia) = - -TT^cr cosh cr - 4cj^ cosh fj - -cj^ coshu + 4(T^ coshaln2 (45) 
o o 
2 

—8 cosh a In(2 cosh a) H — tt^ cosh a ln(2 cosh o") + 4(T^ cosh o" ln(2 cosh a) 

3 

+8 cosh cr ln(2 cosh o") In 2 + 4 cosh a In^ (2 cosh a) — 4 cosh a In^ (2 cosh o") In 2 
— — cosh(Tln^(2cosh(T) + Acoshahi^ (— e"^'^) — 8crsinh(T — 8fTsinhcrln2. 

The functions hi{a) and hf^''[a) are symmetric in a — )• — o" and vanish at o" — )• ±00. The explicit 
expression for hi{a) allows to fix the overall coefficient of the AGMSV remainder function in 
(j29p . The normalization fixed using two- loop GSVV expression coincides with the normalization 
we fixed using only BDS one-loop expression (see ([HB]) and the text whereafter). Thus we can 
write the AGMSV remainder function ()29p in the exponential form 



with 



Rope ^ a cos </> e"" H c^{p) L-'^^^^^p'^ - l) e^^'dp ~ a^ijgj,^ + a^R^o^E + - (46) 
J —00 ^ ' 



Introducing 

/•oo 

hu{<j)= / cW(p)7i'(p)e^^'-dp (48) 



00 



the AGMSV remainder function (1461) can be written as 



Rope ^ a cos (pe~^^ ^ ' hkia). (49) 

k=l 

The knowledge of hf\a) gives a possibility of calculating the one- loop correction to the " coef- 
ficient function" c^{p). To find the next-to- leading correction to the remainder function in the 
collinear limit one needs also corrections to the anomalous dimensions 71 (p) in (j30p . 

Next we investigate the analytic structure of the AGMSV remainder function in the complex 
(T-plane. Both hi{a) and hf^^{a) have the same branch cuts in the complex cj-plane starting at 
ziziTT{2n + l)/2 for n = 0, 1, 2, ... as illustrated in Fig. [H From Fig. |3]one can see the difference 
between the two paths A and B of the analytic continuation. The path A is linear in the 
cr-plane and does not cross horizontal branch cuts, while the path B is non-trivial and does 
cross the branch cut. For the purpose of the present discussion the main difference between the 
two cases is the fact that after the analytic continuation along the path A functions hk{a) and 
hf^^{a) vanish for a — )• -|-oo (Regge limit), while for the path B they give a non- vanishing term 
compatible with the logarithmic contributions in the BFKL approach. For the details of the 
analytic continuation the reader is referred to the appendix O and here we present the main 
results. 

We found that the analytic continuation along the path B together with the subsequent 
Regge limit a — )• -|-oo of the AGMSV remainder function ()43|) fully reproduce the BFKL result 
at two loops for the double (collinear and Regge ) logarithmic limit of the remainder function 
given by (I23p . In particular, we establish a connection between the conformal spin defined in 
ref. [19] and the conformal spin used in the BFKL approach noting that in the multi-Regge 
kinematics (see (fTOl) and (138]) ) 

cos (/) ~ — COs((/)2 — (/>3), (50) 
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Figure 4: The cut structure of /ij!c(cr) and hl^^{a). The figure illustrates the paths A and B of the 
analytic continuation, ctq denotes some starting point of the analytic continuation. Both of the paths 
have the same starting and final points. The Regge kinematics corresponds to ctq — )■ +oo. 

which after the analytic continuation becomes 

cos =^ — cos (f) ~ cos(02 — (ps)- (51) 

To justify our guess for the analytic continuation along the path B we perform the well- 
grounded analytic continuation ([5]) for a general kinematics (used in confirming the BFKL result 
in the multi-Regge kinematics) of the Goncharov-Spradlin-Vergu-Volovich (GSVV) remainder 
function. Then we expand the continued GSVV expression for r — t- oo and find that it coincides 
with the result of the analytic continuation along the path B of the AGMSV remainder function 
for a positive fixed value of the parameter a (i.e. not necessarily in the Regge kinematics, where 
a — >• -|-cxd). This confirms the validity of the continuation along the path B as well as it shows 
commutativity of the collinear and Regge limits. One can expect the commutativity of these 
two limits from comparison of the BFKL (Regge kinematics) and DGLAP (Bjorken kinematics) 
equations, which coincide in the double logarithmic limit. 

Using the definition of hk (cr) in (I23p we calculate analytically the AGMSV remainder function 
at three loops Rqpe ^6]) (see appendix iBl for more details) 

f'°° TT^ 2 

/12(a) =/ c° (p)7i2 (p)e*P'^ dp = -—e-^-4e-V2--7rV cosher (52) 
J -00 "J "J 

8 2 
+ 16(7^ cosh a H — cr^ cosh cr + 24 cosh a ln(2 cosh cr) H — tt^ cosh a ln(2 cosh a) 
3 3 

—8(7^ cosh o" ln(2 cosh cr) — 16 cosh crln^ (2 cosher) H cosh erln'^ (2 cosher) 

3 

+8er cosher Li2(-e"^'^) + 8 cosh er Li3(-e~^'^) - 24ersinher + 4sinher Li2(-e~^'^). 

The analytic continuation along the path B of Rqp^; reproduces the BFKL remainder func- 
tion in the double logarithmic approximation at three loops given by ()24p and ()25p . namely 

pathB 

Rqpe — — ln^(l — ui) cos(</>2 — (ps) \w\ In^ \w\ — vr^ ln(l — ui) cos((/)2 — (ps) \w\ In^ \w\ 
— iSvr ln(l — ui) cos((/)2 — </>3) |tf I ln^|w|. (53) 



The first two terms in RHS of (j53p coincide with the corresponding BFKL expressions in ([24 
and ()25p . while the last term is currently not accessible in the BFKL analysis and brings some 
new information about the next-to-leading eigenvalue of the BFKL eigenvalue in the adjoint 
representation. For higher loops we need an analytic form of /ifc(cr), which are not considered 
here due to the complexity of the calculations for k > 2. 

The analytic continuation along the path B for the AGMSV remainder function is technically 
more involved than a simple shift a =^ a — iir in the path A. Despite the fact that the 
continuation along the path A is not applicable for the AGMSV remainder function as we 
discussed earlier, we still can make a use of it at higher loops due to an interesting transformation 
property of hk{cr) 

continuation along the path A: hk{(T) =^ —hj.{(T) + A^(— o") , . 

continuation along the path B: hk{a) =^ —hk{(j) + Afc(cr), 

where Afc(cj) is some function of a calculated in the appendix ICl for k = 1 and k = 2, which 
corresponds to two and three loops of the AGMSV remainder function. We checked that analytic 
continuation along the path B of hj^{a) can be obtained by complex conjugation and reversing 
the argument of the analytic continuation along the path A and vice versa at two and three 
loops. We believe that this property holds at higher loops as well. It is technically much easier 
to perform the analytic continuation with the path A and then calculate from it the required 
function Afc(cj) using the property 

The minus sign of /ifc(cj) that appears on RHS of (154]) is related to the fact that after the 
analytic continuation cos (p also changes the sign 

cos =^ — cos (/> (55) 

so that the AGMSV remainder function (06]), which is a product of hk{a) and coscf), does not 
change the sign and only gets an additive discontinuity — cos(/> Afc((T) as expected. 

We also made another intriguing observation, namely that the function Afc((T) is much 
simpler than hk[a) and can be obtained from the expression ()48p with omitted cosh(7rp/2) in 
the denominator 

/oo . 'Trnx /"OO a 

c^'Hp) liip) (2cosh^) e'P'^dp = / :— ^7i'(p) e'^'^dp (56) 
-oo \ Z / J— oo J- + P 

by changing the sign of a and shifting it by i7r/2 



ITT 



Ak{a) = Fk i^-a + - j . (57) 

We have checked this property at two and three loops, i.e. for 

Fi (a) = Se-'^vr + Svr ln(l - e'^"^) sinh a, (58) 
^2(0-) = 24e"'^7r - Se'^fra + 327rln (l - e'^'') sinhtr - 167rCTln (l - e^'^") sinhcj 
-levrln^ (1 - e-"^") sinh a - Svr U2 {-e''^") sinho". 

The main advantage of this observation is that Fk[(T) is much easier to calculate than the 
initial function hk{cr). We believe that the two properties (fM]l and (f57]l are intimately related 
to each other and their possible interpretation in terms of the energy discontinuities is presented 
in section [H 
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3.1 Four and five loops 

In the previous part of the paper we performed the analytic continuation of the AGMSV re- 
mainder function (I46p at two and three loops, and then taking the Regge limit we reproduced 
the BFKL result ()26p and ()27p in the Double Leading Logarithmic Approximation (DLLA). 
In doing this we needed an explicit analytic form of the function hkicr). Going beyond three 
loops (i.e. /12(c)) in (|46p presents a technical challenge and we found it much easier to calculate 
contributions only of powers of 7^*^ (p) defined by 

7i(p) = 7i+(p) + 7r(p), 7?(P) = V'(^±|) -^(1). (59) 

A possible physical interpretation of the functions 7j^(p) is discussed in the next section. It turns 
out that the main contribution to the AGMSV remainder function in DLLA in the Mandelstam 
channel comes from the maximal powers of 7]~(p) in (I46p . Each power of jfip) introduced a 
suppression by one power of ln(l — ui) in terms, which are leading in ln|t(;|. Generally, we 
consider the multi-loop contribution from ^i{p) and 7]~(p) in separate, introducing 

ht'-'-{^) = r c'{p) {itipT ill ip)f~"'e'^^ dp, (60) 
J —00 

where m is the number of powers of 'yfip) and A; = ^ — 1 is related to a number of loops i. The 
functions /i^(o") are calculated in appendix |D] and given for the two-loop case by 

/oo 1 
c°{phi{p)e'P''dp = Ae-^a - -vr^e"'^ + 4 cosh a In (l + e''^") (61) 
00 -J 

-2 cosh a In^ (l + e"^'^) - 4 cosh ciLiz (-e"^'') 

and 

h+{a) = hi{a)-h^{a) = 4coshcjLi2 (-e'^'^) + 6cj^ cosha + 4e-'"cr + -vr^e"'^ (62) 

3 

—4a cosh fj — 2 cosh a In^ (2 cosh a) — 4a cosh a ln(2 cosh a) + 4 cosh a ln(2 cosh a) . 

Note that it follows from the definitions ([59]) and ([60|) that they are related by hf{a) = h^{—a). 
Similarly to the second line of (j54p . these functions after analytic continuation along path B 
also can be written as 

hti(r)^-hUc7) + A^{a), (63) 

where A^((t) read 

A^{a) = -4z7re'^, A^{a) = -4z7re'^ + Szttit cosher + Sivr cosh fTln(2 cosher). (64) 

In the multi-Regge kinematics cr —t- 00 we get their respective contributions to the remainder 
function 

Rqpe ~ ~ (p^'^rh^ (a) —i2iT cos((/)2 — '/'s)!^^ | In \w\ (65) 

and 

Rqp^ = — coscj) e ^ r/ij^ (cr) =^ —i27rcos(</)2 — 03)|w| In |tt>| ln(l — ui) (66) 
— i27rcos(02 — 03)|w| In 

In ()65p and ()66p we omit terms not enhanced by ln|t(;|, which are irrelevant for the present 
discussion. The full form of Rqp^ is presented in appendix |Dj From ([65]) and ([66]) we see that 



(2')-i- (2) (2)-\- 

Rqpe is suppressed by one power of ln(l — ui) with respect to Rqp^- The Rqp^; contribution 
is subleading and not captured by the double-logarithmic BFKL analysis. In order to find a 
corresponding contribution in the BFKL approach one needs to calculate the next-to-leading 
eigenvalue of the BFKL Kernel in the adjoint representation, and it is not currently available. 

At the three loop level we also observe a similar situation, where the remainder function 
(j46]) is given by 

r(3) _ r(3)++ o(3)+- , r(3)— /f^yN 
^OPE ~ ^OPE "T ^OPE "T ^OPE ' J 

with 

R^QP ^ = COS (f) e~'^ — h2~^ {a) , R^qpe = cos (/> e~'^r^/i^~(cr), R^qpe = cos (/> e~'^-^/i^~(cr). (68) 
In the Double Leading Logarithmic Approximation for the Mandelstam channel we obtain 

R^OPE — ^vr|ti;| In^ \w\ (69) 

and 

R^OPE =^ — ^27r cos((/)2 — i?!>3)|?i'| ln(l — ui) In^ If^l H — — cos{(j)2 — \w\ (70) 

O 

,2 



— z47r cos((^2 — '/'s)!''^! In \w\ 
as well as 



Rope ^ -y cos((/.2 - <A3)|«'| In' ln'(l - ^^i) (71) 
— vr^ cos((^2 — '/'s)!'"^! In^ ln(l — ui). 



It is clear from dMl), ([70]) and ([7T]) that each power of 7j^(p) brings an additional suppression by 
one power of ln(l — ui). We expect this to happen also at higher loops and argue that the main 
contribution in DLL A in the Mandelstam channel comes from the maximal power of 7]~(p) in 
([60]) . namely for m = 



^fc'-'"(^)= / c\p){^^{p)fe'P'^dp, (72) 

J — oo 

which we call h^{(j) for short. The functions /13 (o") and /14 (c) , which corresponds to 4 and 5 
loops respectively, were calculated in appendix [Dl The function /ij(o') is given by 

/oo o 4 

c\p) ilTiP)) ^'^"dP = -TT^e"'" + Aae-" + — vr^ cosh a - e'^vr^ In (l + e^^^^) 
-00 15 

+4 cosh cr In (1 + e"^'') - Qe'"" a {l + e''^") - 6 cosh cj In^ (l + e"^'") + 12o- cosh In^ (l + ( 
+2e-'" In^ (1 + e-2'^) + 3e'" In^ (l + e'^'') + 4a cosh cr In^ (l + e'^'") - 6e"'"Li2 (-e'^'^) 
-2e'"Li2 {-e'^") + 6e"'"ln (l + e^^'') Lis (-e"^") - 6 cosh a In^ (l + e"^'') Lis (-e"^") 



-e 



-4coshf7Li2 (-e"^'")^ - ee^'^Lig (-e"^'") - 2e'"Li3 (-e"^"") + 4 cosh a In (l + e'^") Lis ( 
-Se'Lia (yVF^) " ^2c°«haln (l + e-'^) Lis (^T^) " 4^°«l^^Li4 {-e-"^) 
-24coshcjLi4 + 12coshaLi2,2 (-e"^'') 6e'^C3 - 12 cosh a In (l + e^^'^) Cs, 

while the expression for /ij(cr) is rather lengthy and is presented in appendixO (see (1D.24P ) in 
terms of the harmonic polylogarithms (HPL) 



The analytic continuation of (cr) and (cr) along path B with the subsequent Regge 
limit allows us to find the OPE remainder function (I46p in the Mandelstam region in the 
Double Leading Logarithmic Approximation (DLLA). At four and five loops they read 



3 

31'"^^"^ ' 18 

3|„„|i^2/ 



-Rope = -COS (/)e ^ ^/ig (a) ^ cos(02 - (/-s)!?^! In^ k| ln^(l - ui) (74) 



VT'^ , , , M o , ITT 



— cos(02 — (/'3)|if I In \w\ In (1 — ui) cos((/)2 — <?!'3)|w| In In (1 — ui] 

3 6 



and 



-^OPE = cos (/) e — (fj) =^> -^cos(02 - (A3)|u^| In"^ ln''(l - lii) (75) 



4 

T . „ , , ITT 



Vr^ , , , ^, , , ^ , , , ci,. . ITT 



— cos(</)2 — 03)|w| In In (1 — ui) — — cos((/)2 — (/'3)|tu| In In (1 — ui). 

The first two terms in RHS of the remainder functions -Rqp^; and -Rqp^; reproduce the BFKL 
result in ([26j) and (p7|) . while the last term is beyond the applicability of the double-logarithmic 
BFKL analysis and requires a knowledge of the NLO impact factor, calculated by of the authors 
in ref. [16] as well as the corrections to the eigenvalue of the BFKL Kernel in the adjoint 
representation. This can be obtained from the NLO BFKL Kernel in the adjoint representation 
found by Fadin and Fiore [251 ES] • 

In this section we showed that in order to reproduce known BFKL results in the double- 
logarithmic approximation up to five-loop level, it is enough to consider only a part of the 
anomalous dimension in (I46p . Namely, all of the leading terms come from 7]"(p) in (j59p . while 
each power of 'yf{p) introduces a suppression in one power of ln(l — ui) in the Mandelstam 
region. In the next section we discuss this observation and argue that it could be a sign for a 
non- multiplicative renormalization of the remainder function in the collinear limit. 



4 Interpretation of the collinear limit from the Regge 
Theory 



The OPE expansion ()46p for the remainder function has a form of the Fourier integral transform 
in the variable p. With the definition ()39p for a it is symmetric to the substitution a — )■ —a, 
which corresponds to the symmetry of the amplitude to the interchange of the cross ratios 
Ml -H- lis- It is related to the symmetry of the Fourier transformed expression to the substitution 
p — )• —p. Moreover, the function (j46p can be analytically continued from the channel with 
cr > to the channel with cr < along the real axes, where it does not have any singularity. 
Note, that the channels with a > and cr < are analogous to the s and u-channels for the 
elastic (nonplanar) amplitude. 

However, in the attempt to continue (j46p to the Mandelstam region with ui ~ |ui|e~*^'^, 
one faces some difficulties as it was discussed in the previous section. To overcome them we 
suggested to use another definition for a (see ([^2]) ) 



a^lln-^, (76) 
2 I — ui 

because in this case we could stay in the collinear limit with a fixed value of coscp in the 
course of the analytic continuation. Note, that the definitions (j39p and (j76p are equivalent 
in the Euclidean collinear region, where U3 ~ 1 — ui, but the use of (j76p extends the region 
of applicability of the AGMSV remainder function Rqpe in (|46p . Note, that for the analytic 
continuation to the Mandelstam region with — )• 1 one should use the symmetric definition 
(T = l/21n((l-M3)M). 
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It turns out, that we have an analogous situation with the variable 

1 4 

r^-ln-, (77) 

2 U2 

which tends to infinity in the collinear limit. Indeed, in the Regge kinematics cr ~ 1/2 In S2 —j- oo, 
where according to the definitions ([3]) 

1,41, 1 141, n^. 1 4 

Tc^-ln^ + -ln- = ln^ + -ln l + e^'^ :^-ln^ + a 78 

2 U2 2 1 — Ul 2 U2 2 ' 2 U2 



the variable r depends on a for fixed U2-, the expression for Rqpe in (|46l) would contain apart 
from the large terms of the order of aln |t(;| ln(l — ui) also the comparatively large contributions 
aln^(l — Ul), which are not in an agreement with the double- logarithmic asymptotics (I26p 
obtained from the BFKL resummation. In principle these contributions can be canceled by 
higher- loop corrections to the "coefficient function" c^{p). Indeed, at two loops the expression 
(I45p for hf^^{a) contains the term cr^ which cancels exactly a similar term in the leading 
contribution Thi{a) in (j43p . In our opinion such miraculous cancelations can be avoided, if one 
would redefine r appearing in the powers ^ — 1 in expressions of the type (j29p in the following 
way 

r ^ -In— = -Inltwl, (79) 

2 U2 

where \w\ is given in (jlOp . In the collinear region this substitution can be justified in the LLA 
or ~ 1, aa <^ 1, where the corresponding OPE formula (I29p was derived. Note, that the 
variables \w\~'^ and 1 — ui are analogous to the standard Bjorken variables and x in DIS. 
Thus, we suggest to write expression ()46p in the collinear region matching the double-logarithmic 
limit as follows 



-oo 



Rope ^ -acos((/<2 - '^3)^6-'^ / dp e'"'"' c\p){\wr'^P^ - 1), (80) 



00 



where cos(</)2 — 4>z) is defined in (fTOj) and differs from cos^ given by (pHjl only by the factor ^Jul 
and the overall sign. 

Now we introduce the new variables 

1 1 ^1 

a = -lns2, S2 = , p = -i2uj-i, (81) 

2 \ — Ul 

where §2 is proportional to the invariant §2 in Fig. [T] Note, that in the variable a the remainder 
function at one or two loops contained an essential singularity at infinity. In the variable S2 the 
essential singularity is absent. 

Using ([8T]) one can recast (|80P to the Regge-like form 



Rope - f cos(<^2 - H)H H"'^ 1^-4^,-^ (iH-^^^ - l) , (82) 

where ci; = j — 1 and 

71 (w) = 7i(-i2a; - i) = V'(2 + a;) -h ^(1 - w) - 2V'(1). (83) 

The function e'^RoPE is symmetric to the substitution §2 — l/s2 and has singularities at the 
points (cf. Fig. d]) 

In S2 = ±z7rn (84) 
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corresponding to the value §2 = (—1)", where the integral in ([82]) is divergent at large to. Due 
to the symmetry of e^RoPE to the substitution a — )■ —a the points S2 = and S2 = —00 
are also singular and we can draw the cut in the S2-plaiie from to —00. The discontinuity 
of Rope on this cut has a singularity at the point S2 = —1- Using formally its analytic 
continuation corresponding to the path A in Fig. 2] for large positive do, we move along the 
large circle in a clockwise direction (see Fig. [5] ) in the S2-plaiie and after crossing the cut at 
S2 < — 1 return to the initial point. The difference between the values of Rope after and before 
continuation in an accordance with the first equation of (|54p is equal to the discontinuity on this 
cut, analytically continued from negative to the large positive S2- We write the discontinuity 
before this continuation 



OPE 



{-\S2\ 



air 



cos 



h-(^3)\w\e{-i-s2) 



+ iOO 



doj {—2i) \s2\ 
2-Ki oj{uj + 1) 



w 



171 (i^) 



1 



(85) 



Note, that the discontinuity on the cut at S2 < — 1 is defined by a convergent integral, but its 



continuation |s2| 



|s2| to positive values of §2 should be performed in a cautious way. 



because it demands the simultaneous rotation of the contour of integration by the angle vr in 
anti-clockwise direction, which is a rather complicated procedure due to the infinite number of 
poles of the integrand. On the other hand, using the correct analytic continuation of Rope, 
corresponding to the path B in the ci-plane of Fig. HI we initially cross the cut at — 1 < S2 < 
moving from below and after that return to the initial point as illustrated in Fig. \5\ In this case 



\ -1 

\ 



I 



B 



Figure 5: The paths A and B of the analytic continuation in the S2-plane. The cross on the real 
axis denotes the initial point of the continuation. In the course of the analytic continuation along 
the path B we cross the branch cut on the real axis from to —1 and return to the initial point. For 
the path A we cross the cut from —1 to —00. 

the difference between the values of Rope after and before the continuation will be 
ARBpeHs2\) ^ ^ cos(</>2 - h)He{l + ~S2)9{-~S2) H^^^^ |^ ^"f^ |'.f (kr^^^^^ " l) ,(86) 

analytically continued from negative to positive values of S2- Again the discontinuity is given 
by a convergent integral at negative S2, but its continuation |s2| — )• e~*'^|s2| requires a special 
consideration. The expressions (jSSp and (j86p for discontinuities of the analytic continuations 
along the paths A and B are in an agreement with corresponding expressions for /ifc(a") (see (I54p ). 
Note, that in both cases the multiplier sin ttuj in the denominator of the integrand is canceled. 
The factor l/sinvrw can be considered as the usual signature factor in the Regge formulas 
allowing to obtain in the physical region of the t2-channel the representation of amplitudes in 
terms of the Fourier sum of the partial wave contributions with positive integer values oi uj. In 



IP 



our case, however, we have a problem of returning to this Fourier-series representation because 
the i-channel partial waves have the additional pole at w = and essential singularities at the 
points oj = 1,2,3,... from the expansion of the exponent in the series in powers of 

a. Note, that for amplitudes with the color-singlet quantum numbers in the t-channel such 
essential singularities are absent because the anomalous dimensions 7 in this case do not have 
any poles at ci; > 0. The simplest example is the one-loop anomalous dimension in the A/" = 4 
SYM 

7^*"^'^* = a(V(l)-V'H). (87) 

Although the infrared divergencies in A/" = 4 SYM could lead to the absence of the Fourier sum 
expansion in the physical region, the difference in the analytic properties of the t-channel partial 
waves in the w-plane for the color singlet and adjoint representations looks strange. The question 
arises: whether or not one can construct the operator product expansion in the collinear limit 
in such a way, that the essential singularities of the partial waves in the corresponding semi- 
planes of the w-plane would be absent. We see only one possibility of answering positively this 
question, namely, that the renormalization could not be multiplicative and there should be at 
least two operators having different anomalous dimension, which give comparable contributions 
in the collinear limit. To discuss this possibility, let us consider the dispersion representation 
for Rope 



Rope{~S2)= ! , , — — + 

J -00 vr(s9 - s 

where 



§2) 2i 7_i 7r(s2 - §2) 2i 

Ai?(-|s2|) = R{e-'''\S2\) - R{e'^\s2\) (89) 



is given by expression 

yA.B „_ /■-^+ioo 



2. T™<*^-«l-li_.ir^l'^l"^'''<'"'- 

In (j90p we consider initially f^'^{w) only in two first orders of the perturbation theory 

f.iw) + f^iw) = , (1 + a In HjiiLo)) (91) 

Ul}[UJ + 1) 



.4. X 1 , , ,7r(w)-2a;-l ^ 1 , , ,7i(a;) + 2w + l , , 

a; + 1 ijj[uj + I) oj uj{u} + 1) 

together with 

7+(a;) = ^(l-^^)-^(l), 7r(w) =V(^ + 2)-V(l), (93) 

where we took into account, that the partial wave fi^{w) should not have singularities for 
u! > —1/2 and f^{w) should not have singularities for oj < —1/2 to provide vanishing AR"^ 
in the region |s2| < 1 as well as vanishing AR^ for |s2| > 1. If we consider an analogy with 
the deep-inelastic e — p scattering, the multiplicative renormalization takes place for the partial 
waves of the structure functions related directly to the imaginary part of the 7*p scattering 
amplitudes. In this case the momenta of the structure functions are proportional to the linear 
combination of matrix elements of the local operators (for integer u). The local operators can 
mix each with others in the course of the renormalization and therefore in a general case they are 
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not renormalized in a multiplicative way. In the case of the remainder function in the collinear 
kinematics we also can expect that its discontinuities /S.R^'^ in the w-plane are related to linear 
combinations of some operators. The comparatively simple situation will be if the number of the 
relevant operators is finite. In this case we can expect that OPE will be valid in the Mandelstam 
and other physical regions. 

However, if we consider the discontinuities (1851) and (I86p for the collinear limit (ISOp of the 



remainder function, we obtain a very complicated result. Namely, f^'^{\w\) entering (j90p are 
given by the expressions 



for K (w) > -1/2 and 



2-100 



^' / 27ri uo'-u uo'ioo' + 1) ^ ' 



2 -^^O 



for 3? (w) < —1/2. Their sum is equal to the total partial wave 

aln|«)|7i(aj) 

ff^{H) + fS{H)= • (96) 

However, f^{\w\) and f^{\w\) cannot be written as a finite sum of the exponential terms 
goin |u;|7i(w)^ Moreover, the simple renormalization properties will be absent in all Mandelstam 
regions obtained by the analytic continuation through the corresponding cuts in the S2-plane. In 
our opinion this refiects some weakness of the simple exponentiation in the AGMSV remainder 
function. On the other hand, one can try to make an assumption, that the partial wave contains 
a sum of two exponents 

•^^^'"^'^ " 1) (e"'"'"''^^^^'^^ + e"i^l"'l^i~('^)) , (97) 

where the anomalous dimensions are given below 

7+(w) = V'(2 + a;)-V'(l), 7i+(^) = ^(1 - '^) - ^(1), 7iH = 7i+M + 7r(w) (98) 

and contain the poles only in the left or in the right semiplanes of the w-plane. At two loops 
the expressions in (|96p and (j97p coincide. At one loop they differ by a a factor of 2, but in the 
remainder function the one loop contribution should be subtracted. In principle we can subtract 
from (j97p the term l/a;/(a; + 1) with the anomalous dimension equal to zero to reproduce the 
one- loop result. 

For the ansatz ([97P one can easily find the functions f;^{\w\) and f^{\w\) for the disconti- 
nuities A and B 

^^^'""'^ = + 1) (^"'"'"'^^^^"^ - (1 + 2a;)e'^i'^l"'l) , (99) 

f^(\w\) = — i — - ( e^'i'^l^'l^rH + (1 + 2^)6"^ '"^ I'"!) . (100) 
u:{uj + 1) V / 

The function f^{\w\) is analytic for w > —1/2 and the function f^{\w\) is analytic for c<j < —1/2 
in accordance to the fact, that A.R^'^ are zero for — 1 < S2 < and S2 < —1, respectively. 

Thus for the ansatz (j97p we reproduce correctly the expression for the AGMSV remainder 
function Rqpe of Alday et al. p9] at two loops, but at higher loops the predictions are different. 
Note, that the expressions /t^duil) and f^{\w\) contain the exponents for which the anomalous 
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dimension is the constant a. In the framework of the AdS/CFT correspondence the anomalous 
dimension is related to the energies of the string states in the Anti-de-Sitter space. Therefore, 
there should exist a string state in the adjoint representation, for which the energy does not 
depend on the angular momentum uj. Such a state should not have an inner structure and could 
be a gluon, which can be considered as an elementary particle, at least in our approximation. 

Note, that both of the ansatz (I96p and ()97p are in agreement with the Regge asymptotics 
in the leading double-logarithmic approximation, as it was demonstrated in section 13.11 In 
that section we considered separate contributions from 7J*" {p) and 7^^ (p) in (f59l) to the leading 
logarithmic accuracy in the Mandelstam region. We found that the leading order BFKL result 
is fully reproduced if one takes into account only powers of 7]"(p) in the AGMSV remainder 
function Rqpe in (|46p up to five loops. ^i{p) contributes only at next-to-leading logarithmic 
level, which is not captured by the LLA BFKL analysis discussed in this study. This presents 
another argument in favor of the separate exponentiation of 7j^(p) and 7f (p) in (I97p . To 
resolve the ambiguity in the different exponentiation prescriptions it is needed to calculate the 
Mandelstam cut contribution in the next-to-leading approximation, which will be hopefully 
obtained in the near future. In the conclusion we want to stress, that the ansatz (j97p is the 
simplest one, which gives the finite superposition of the exponential terms oc for the 

discontinuities A"^ and A^. Therefore its verification in the next-to- leading BFKL calculation 
would be important. 

5 Conclusions and discussions 

In the present paper we studied the collinear and Regge limits of the 2 — )• 4 MHV amplitude. 
In particular we considered the analytic structure of the remainder function in the collinear 
kinematics proposed by Alday, Gaiotto, Maldacena, Sever and Vieira (AGMSV) and continued 
it analytically to the Mandelstam region. After the continuation, the AGMSV expression in 
the Regge limit reproduces the BFKL results in the double-logarithmic approximation up to 
five-loop level. However, we also note that all of the contributions reproducing the known BFKL 
expressions can be obtained from only one piece of the anomalous dimension 71 (p) (see (j30p ) 
present in the AGMSV formula. This piece 7]~(p), defined by (j59p . has singularities only in 
the lower semiplane of the complex p-plane. This translates into the right singularities in the 
complex angular momentum plane as discussed in section HI 

In the Regge theory one can expect a clear separation between the right and the left singular- 
ities in the complex angular momentum plane, suggesting a non-multiplicative renormalization 
of the remainder function in the Euclidean region of the collinear kinematics. In other words 
there could be at least two operators having different anomalous dimensions. This gives the 
same result as a simple one-operator renormalization at two loops. The difference between the 
simple renormalization of the AGMSV expression and the two-operator renormalization sug- 
gested in section H] appears already at 3 loops and can be verified only by taking into account 
next-to-leading corrections to the BFKL eigenvalue in the adjoint color representation. These 
can be extracted from the NLO BFKL Kernel calculated by Fadin and Fiore |25[ [26] and will 
hopefully be found in the near future. 
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Appendix 

A Double Leading Logarithmic Approximation (DLLA) 

We consider the Double Leading Logarithmic Approximation (DLLA) for the remainder func- 
tion calculated in the BFKL approach. We start with the remainder function in the Leading 
Logarithmic Approximation (LLA) given by ([7]) and where we omit all terms subleading in 
the logarithm of the energy lns2 — — ln(l — ui). This expression was calculated in the multi- 
Regge kinematics given by ([2]). Imposing an additional kinematic constraint, that corresponds 
to the coUinear limit (j2ip we expand ([8]) in powers of in accordance with (122p . The leading 
contribution comes from the conformal spin n = ±1, and the only the first term in Ei^^n of (jl3p 
has the relevant poles. We can approximate 

E,,n^E,,,c^-^^^ (A.l) 
in the double logarithmic approximation and write 



, , , . v-^ 1 — 1 ] u, ^ 111 1 1 — til I / uiy \ w\ / . N 



1 + i27racos 



- \w\ (1 - /o (2 Vain ln(l - m))) , (A.5) 

where Io{z) is the modified Bessel function. 

The contribution to the real part of the NLLA remainder function comes from several terms 
in the dispersion- like relation in (jl6p . Expanding (jl6p to the second and the third order in 
powers of a we obtain 

2 2- + ^T5^VLoo^^^ ^ ' ) ^ ^ ^ 

and 

<,3^<3. . .«»^K<^. - . 4|1 (£ - .,1-") . (A.r) 

We are interested only in the leading logarithmic (LLA) and the real part of the next-to- 
leading (NLLA) in the logarithm ln(l — ui) contributions. Thus we can omit all subleading 
terms in ()A.6p and (IA.7P as follows 

^^^^ 2 2 2 da^ \J_i^2TTi ^ ^ ' ' y ^ ^ 

and 

,3o(3) , ■ r 2„(2) _ • T"" .LLA,, ,^ , 



— / (Lj)e \l-ui\ . (A. 



The integral in RHS of (|X8]) and ([XQ]) is related to A defined in ([8]) by 



^^-4=/ ^/^^^(^)ii-^ir^ (A.io) 



for /^^^{uj) given by (fTSj) . and was calculated to the second {7] and the third order [IB] in a. 
The phase of its integrand e~*™ can be accounted for by making a substitution ln(l — ui) — t- 
ln(l — ui) + in in the final result. At two loops we have a full cancellation between real NLLA 
contributions coming from the integral, 6 and Uab- This is not the case at three loops, where 
the real part of the NLLA remainder function was calculated in ref. [16] and reads 



= iA^^lja^ = iiT^ ln^(l - ui) (^In \w\'^ In^ |1 + - ^ In^ |1 + U7|2 (A.ll) 

-^In^ |t(;pln|l + w\^ + ^ln|wp (Li2(-w) + Li2(-w*)) - Us{-w) - Li3(-w*) 

Using dispersion-like relation ()16p . it is possible to write a general relation between the LLA 
and the real part of NLLA remainder function at an arbitrary number of loops 

where 5 and ujab are given by (jl7p . and the integral representation for R^]^px\ is known and can 
be analytically calculated to any order. 

In the double logarithmic approximation (DLL A), where both 1 — ui and \w\ are small, the 
relation (lAT2l) can be explicitly calculated as follows. First, we find 



^2 „2„2 



1 

1 + - 

W 



~ — 27r^a^ cos((/)2 — <?!'3)|^i'| hi 1^1, (A. 13) 



-^a6)=^ln|l + t«rin 
next, using (1A.2|) we readily obtain 

T6R^ip^{ ~ 47r2acos((?;)2 - ^s) In (l - Iq (2Valn ln(l - ui))) . (A.14) 



lire ^^.^^^ 

Finally, the first term in RHS of (1A.12P can be calculated replacing ln*^(l — ui) in (1A.2P by 
ink ln''-\l -ui)), because of the phase of the integrand e ^'^^ in the dispersion relation (jl6p 
generates terms with ln(l— ui) — )• ln(l— ni)+i7r and we are interested only in the next-to-leading 
contributions 

dR^,^p^\ 2 . ,'^a'=ln'=|u;|A:ln'=-ni-'Ui) . 



/i f2y^aln|u;|ln(l-ui) 
27r a ' cos((/)2 — '/'s) l^u^l ln|t(;| 



ln(l -ni) 

Plugging ()A.13p . ()A.14p and (jA.lSP in ()A.12p we get in the double logarithmic approximation 
the real part of the contribution subleading in ln(l — ui) 



Ii ( 2y/ a In \w\ ln(l — ui) 

"^{REFki"^) ^ 1 + 27r2a3/2 cos(02 - 03) H ln|u;|^ — ^ ^ (A.16) 

ln(l — ui) 

+47r^acos(02 — (ps) \w\ In \w\ ^1 — Iq ^2a/ aln |tt;| ln(l — ^i))) ~ 27r^a^ cos(02 — 03)|?w| In \w\. 



B The AGMSV remainder function at three loops 

In this section we present details of the calculation of the three loop contribution to the remain- 
der function in the collinear limit given by ()46p . At three loops it reads 

ijg],^ ^ cos e~-y I c^{p)ll{p)e'^"dp, (B.l) 



where 



and 



= (B.2) 

I + p cos 



71 (P) = V' ( I + V V' f I - ) - 2^ (1) . (B.3) 



2 2 / " V 2 2 



(3) 

In order to find Rqpe need to calculate 



oo 

h2{a) = I c\p)jl{p)e'P'^dp (B.4) 

J —oo 

defined in (j48p . At two loops the remainder function Rqp^ in the collinear limit was found in 
ref. |19j and the relevant integral reads 

/oo 
c\phi{p)e'P''dp, (B.5) 
-oo 

where 

hi{a) = -2cosho-(21n(l + e^'')ln(l + e'^'^) - 4 In (2 cosher)) -Sfrsinhfj. (B.6) 

From (jR6l) we see that the most complicated term is given by coshcln^ (2 cosh o"). At three 
loops it is natural to expect cosh cr In'^ (2 cosh o"), but this function diverges at o" — )• ±oo and 
need to be cured by cr^sinh cr term. Other way to cure the divergency is to introduce the 
regularization parameter p ^ p — ie in the integral 

/oo ^ r°° / 1 \ " 

coshaln^ (2 cosh a) e-'^P-''^" da = ( z + -] z-'^P-'''^-Uz\a=o, (B.7) 
-oo oa^2jQ V 

where z = e" . The last integral in (|B.7p gives the Euler Beta function and its higher derivatives 
that give the polygamma functions. In an analogous way we calculate the term cr^ sinhcr and 
obtain the final expression with no e dependence 

8 (cosh a \\? (2 cosh a) - sinh a) (B.8) 



/CO / 3 3 

c°(p) ( -67i(p) + ^ifip) + fii{p) + 



48 24 TT^ 



+ p^Y 1+p^ 2 



— e'P^'dp, 



where 



and the functions 71 (p) and c^{p) are given by (|B.3p and (|B.2p respectively. The first term on 
RHS of ()B.8P is proportional to /ii(p) and the last term is known from ref. jl9j 

/oo 
c°{p)e'P''dp = 4 cosh din (2 cosher) - 4cjsinhcj. (B.IO) 
-00 

The rest of the terms in ()B.9p are calculated using the Cauchy theorem. For simplicity we 
consider only the case of positive a closing the integration contour in the upper semiplane. The 
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terms in (jB.OP have a higher order pole at p = i and all other poles are simple poles. Thus we 
can readily write 



/oo 1 

oo 

e ' 



5 7r2 vrV 3^2 ^ (-l)-e— 



^3 



2 V2^T^ T2" + ~ + Tj 8n3(l + n) 

= \ \ \ + -hn smh cr Li9(-e ^'^) coshu Liaf-e ), 

2V812 2 3/ 8 4 ^4 ^' 

where the first term on RHS comes from the pole at p = i. 

The transform of c^{p)/{l +p'^) can be obtained directly from (jB.lip differentiating it twice 
with respect to a 

I, = / c\p)--^e'P''dp = + h = ^4— + a^e-'^ + ^ - sinhcr Lisl-e'^'^) (B.12) 



^ (io-2 ' 12 2 
Finally we calculate the last missing contribution in (jB.Sp 



/oo 
-oo 



n(l + nj \n[n + l) n+1 J 



n=l 

= 4o-2e-'^ + 2 cosh a 40-^-4 ln(2 cosh a) ^ ln(2 cosh o) (B.13) 

3 Y 3 3 

+4o-2ln(2cosho-) - 4Li2(-e-2'^)) + 27rsinho- {2o + \:\2{-e^'^'')) 
This allows us to find the integral in the three loop expression (jB.ip 

/i2(ct) = / c°{p)-ff{p)e'P''dp = -—e-" - Ae'^a^ - -ttV cosher (B.14) 
J -00 3 3 

8 2 
+16<t2 cosh a H — ci^ cosh o" + 24 cosh a ln(2 cosh a) H — vr^ cosh a ln(2 cosh a) 
3 3 

16 

— 8(t2 cosh cr In (2 cosh cj) — 16 cosh crln^ (2 cosher) H cosh cr ln'^( 2 cosh cr) 

3 

+8crcoshcr Li2(-e"2'') + 8 cosh a Li3(-e~2'^) - 24cj sinh cr + 4 sinh cr Li2(-e~2'^) 
The expression in (jB.14[) vanishes at cr —)• 00 and is symmetric under a ^ —a. 

C Analytic continuation 

In this section we perform the analytic continuation of the AGMSV remainder function Rqpe 
in (|i6|) . The analytic continuation (n2, are fixed and ui = \ui\e~'^'^'^) , which was used [TSlfTB] 
to extract (jl4l) and (llSp from the GSVV remainder function, is not applicable here. This is 
because the collinear function Rqpe was obtained under assumption of the finiteness of the 
cosine factor 

COS Cj) = , (C.l) 

which diverges when we cross a point ui = |iii|e~*'^ in the multi-Regge kinematics given by 
([2]). At this point the numerator becomes of the order of unity, while the denominator is small. 
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Using the parametrization of the dual conformal cross ratios introduced in ref. [TH] and given 
by ([28]) we find 

^ = e^^ (C.2) 

Us 

so that the path of the continuation in the complex cr-plane is just a shift of a, namely 

(T =^ cr — ivr. (C.3) 

We call this path of the analytic continuation- the path A. 

It was argued in section [3l that one can smoothly deform the path of the continuation to 
make it compatible with the collinear limit by taking into account the relation 

lis 1 - m (C.4) 

for U2 — >• 0. This makes the numerator of coscj) to be of the order of its denominator at 
ui = |ni|e~*'^ and thus to be compatible with the basic assumptions of the collinear expansion 
in T. We can define 



- ^ , f^^T^ln^ (C.5) 

1 — ui 2 1 — m 

for ui = |ni|e~"^ as the analytic continuation along the path B. In the continuation with the 
path B the cross ratio u^, is not fixed anymore and possesses a non-trivial phase as ui rotates 
around the origin. The paths A and B in the complex c-plane are illustrated in Fig. |4l Here 
list the analytic continuation along the path B of the functions relevant at two and three loops. 
By the words "Regge limit" over the arrows we mean the multi-Regge and collinear kinematics 
(|2T]1 for which a ~ -l/21n(l - ui) +oo. 

^ ^ Regge limit ^ 

CT ~ - In ui — - ln(l — ui) =^ — ivr + a "^^^^ — ivr — - ln(l — ui) (C6) 



Regge limit r- Regge limit 



1 — Ui a/1 — Ul ' V Ui 



Regge limit ^ Regge limit ^ 

cosh (T =^ — cosh cj ^^^^ — , sinh (T =^ — sinh (7 '"^^^ — , (C.8) 

2V1 - Ul 2V1 - Ul ^ ' 



\ Regge limit ^ 

— — =^ zvr + ln(2 cosh fj) "^^^^ ivr ln(l — ui) (C. 

^Jui{l-ui)) 2 



ti]^— 1 uj — 1 



Li2(-e-^'^) = Li2 ^ = - / ' - ln(l - ^ Lial-e"^-) - i27r , 

\ Ul J Jo t Ji t 

Regge limit 

= Li2(-e"2a)_ •2^(_2o- + ot) -i27r(ln(l - ui) + ivr) (C.IO) 
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^ dt /■* dt' ^. , .„ (-2(7 + ivr)^ 



Regge limit , , \ , ■ \2 

^ _,2vriMi^^|)±^ (C.ll) 

Having the list of all necessary functions continued along the path B, we can readily write 
the analytic continuation of hk{a) defined by (|48p . Note that the general structure of hk{cr) 
after the analytic continuation is 

hkia)^-hk{a) + Akia), (C.12) 

where hk{cr) changes the sign and receives an additive function. The change of the sign is related 
to the fact that cos (j) also changes the sign 

Regge limit 

COS0= =^-COS0 > = COS (02 -03) (C.13) 

2^UiU2U3 2^U2U3 

SO that the product of cos0 and h^^cr) that appears in the AGMSV remainder function in (j46p 
has the same sign and gets an additive function after the analytic continuation. We start with 
ho(a) in (j35|) . which corresponds to one loop, i.e. the BDS amplitude 

Regge limit 

ho{a) ^ -ho{a) - lATTe" , (C.14) 

and read out of it 

Ao(ct) = -iATre''. (C.15) 
Next the we consider hi{a) for the AGMSV remainder function at two loops 

Regge limit 

hi{a) ^ -hi{a) -iSne'' + i8TTcoshaln{l + e^'') ln(l - ui) - ^^=, (C.16) 

Vl - ni ^/l-Ul 

which gives 

Ai(cj) = -i87re'" + i87rcoshf7ln(l + e2'^). (C.17) 
At three loops we have 
/i2(cr) ^ -/i2(o-) - i247re'' + 4ihi{a)TT - in'^e" + 2Tr'^ho{a) + i247re''cj (CIS) 

^ Regge limit 

— 4i7r/io(iT)(T + Svr^e'^cT H — ivr^ cosher + iSvr cosh crLi2(—e~^'^) — ilGvro"^ sinho" "^^^^ 

3 

i247r 47r2 _^ i2iT^ il27r ln(l - ui) 47r2 ln(l - ui) i27: In^ {I - ui) 



y/l-ul VI -Ul 3V1 - Ul VI - Ul VI -Ul VI -Ul 

from which we extract 



A2(a) = 8i7rcosho-Li2 {-e'^'') + Wina^ cosher - Sine'' a - ^Tr'^e" - 24^6" (C.19) 

+— ivr^ cosh a — IGivr cosh a In^ (l + e^"^) + IGivro" cosh o" In (l + e^'^) 
3 

+87r2 cosh cr In (1 + e^") + 32ot cosh a In (l + e^'") . 
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The AGMSV remainder function in (j46p at two loops reads 



?(2) ^ / „0 



oo 



LQPg — L,uD c / / c (j))7i(p)e*^'^d^j = — cos </) e t hi{a) (C.20) 

and after the analytic continuation along path B we obtain (note that cos =^ — cos (f) after the 
analytic continuation) 

^ cos(/) e"^ r - iSvre'" + i87rcosho-ln(l + e^")) (C.21) 

Regge limit 



cos((^2 - </'3)^^(ln2 - In^/u^) ( ln(l - ui) 



(T->+oo 2 \ -^1 — Ui y/1 — Ui 

= i27rcos(02 - 03) lu^l ^ln2-ln|u>| -^ln(l-ui)^ (ln(l-ui) + 2), (C.22) 

where we used the definition |wp = U2/U3 and the fact that in the collinear limit we have 

Its ^ 1 - lii (C.23) 

as well as 



e'^-^= *^*^2 ^-In2-ln^ = ln2-ln|u;| -^ln(l-^/i). (C.24) 

Already at this point we see that the terms leading in In \w\ reproduce the BFKL result. How- 
ever, in order to find the full agreement we have to include the terms subleading in r because 
their smallness is of the same order as those enhanced by ln(l — ui). These we extract from the 
GSVV expression 

2 8 
hf^^{a) = - -TT^cj cosh cr - 4cj^ cosh fj - -cj^ coshu + 4(T^ cosh(Tln2 (C.25) 
o o 
2 

—8 cosh a ln(2 cosh a) H — tt^ cosh a ln(2 cosh a) + 4(T^ cosh a ln(2 cosh a) 

3 

+8 cosh cr ln(2 cosh o") In 2 + 4 cosh a In^ (2 cosh a) — A cosh a In^ (2 cosh o") In 2 

cosh(Tln^(2cosho") + 4cosh(TLi3 (— e"^"^) — 8cTsinhcT — 8cTsinhcTln2, 

3 

so that for r — )■ +00 one can write 



R^GSVV - COS0 e"^ (-r/ii(CT) + /if^f^)) + O (e'^^) . (C.26) 



After the analytic continuation this gives 

hf''{a) -hf'^a) + Af^a), (C.27) 

where 

Af'^ia) = Siire" - Sine" In 2 + Aiir cosh a In^ (l + e^^^) (C.28) 
-Sivr cosh a In (l + e^'') + 8i7r In 2 cosh a In (l + e^"^) 

and the relevant terms then become 

Regge limit 

, sub/ 



COS (P e-^hr%a) ^ - cos e"^ [-hr^a] + Af "(cj 

/ ^^A2/^ Sivr 8i7rln2 4i7rln(l-ni) 4i7rln21n(l - ui) 2i7r ln(l - ui)^ 
cos(02 - (P3)^hr- M H 7== h 



2 - m - til \/l - til \/l - til a/1 - ui 

cos((/>2 - 03) \w\ (4- 41n2 + 21n(l - m) - 21n21n(l - ui) +ln2(l - m)) . 



9P 



Adding this to the AGMSV remainder function we obtain 



i?gj,^ + cos0e~^/if''(cj) =^ -i27rcos((/>2 - ^3) \w\ (ln(l - ui)ln\w\ +21n|?i;| - 2), (C.29) 

which fully reproduces the BFKL result and the subleading corrections extracted from the 
GSVV expression given by (1231) in the collinear limit. 

Applying a similar analysis to the AGMSV remainder function at three loops we also re- 
produce the BFKL result in the collinear and multi-Regge kinematics given by ()2ip as follows. 
After the analytic continuation of /i2(o') along the path B we have 

h2i(7)^-h2ia) + A2{a), (C.30) 

where A2(o") is given by ()C.19p . Plugging this in the expression for the remainder function in 
the collinear limit (|46p we obtain 



2 2 R^gge limit 

i?g;,^~cos0e~^y /i2(cT)^-cos(/)e~^y(-/i2((7) + A2(a)) ^ (C.31) 



, NA/^i2 (-^lnn2 +ln2)^ / i247r Air"^ z27r^ 

cos 02 - <P3 -^^^ ^ 7== 7== + 



2 2 \ VI - ul VI - ul 3V1 - ul 

il27rln(l -Ul) 47r2ln(l-ni) i27r ln2(l - ui) ' 
VI - ul VI - ul VI - ul 

~ — y ln^(l — Ul) cos(02 — (^s) ItL"! In^ |w| — vr^ ln(l — til) cos((/>2 — ^s) |w| In^ jifl 

— i37rln(l — m) cos(02 — (/"a) \w\ In^ \ w\. 

In ()C.3ip we omit terms of the order of In'^ \w\ not enhanced by ln(l— ui) because they correspond 
to the next-to-leading corrections in the logarithm of the energy and are irrelevant for the 
purpose of the present discussion. The first two terms in RHS of (IC.3ip reproduce the BFKL 
result in the Double Leading Logarithmic Approximation (DLL A) given by ()26p and (j27p . 
The last term in (IC.3ip is currently not available in the BFKL approach and brings in some 
new information about the next-to-leading corrections to the BFKL eigenvalue in the adjoint 
representation. 



D Contribution of 7^ {p) up to five loops 

In this section we calculate a contribution of 7^ (p) to the remainder function (j46l) up to five 
loops. We show that in the Double Leading Logarithmic Approximation (DLL A) in the Man- 
delstam region the main contribution comes from the highest power of 7]" (p) in the integral of 
()46p . namely (ji {p)Y~^ , where ^ is a number of loops. It is useful to define 

7i(p)=7i+(p)+7r(p), 7?(P)=V'(^±|) -V'(l) (D.l) 

and 

J —00 

We use the residue theorem noting that the function 

A(p) = c°(p)(7r(p))'e'^'^ (D.3) 



has second-order poles only at p = ±i and all other poles are simple poles. For o" > we close 
the contour of integration in the upper semiplane, where 7f(p) has no poles. We start with 
h^{(j) relevant for 2 loops of the AGMSV remainder function in (j46p . It is easy to find the 
residue of /i (p) at the pole p = i 

i2TTRes{fi{p),i) = ^.e^^a + 4e"'' - ^vr^e"'^. (D.4) 

Other poles in the upper semiplane come from cosh (^) in (P{p). Using the fact that all of 
these poles are simple poles we can make a substitution 

cosh ) ^1 ^ P - ii'^n + 1) ' ^ • ^ 

which accounts properly for the pole and residue structure of (P{p) for p ^ i m. the upper 
semiplane. Then the calculation of the residues of fi{p) at these poles becomes straightforward 
and we get 

^-^ ^-^ nil + n) 

n=l n=l ^ ' 

^ n(l + n) ^ ' 

n=l 

-2cosho-ln2 (l + e"^'^) - 4coshcTLi2 (-e"^'") , 
where the we used the identity 

= + -V(l) (D.7) 

for the harmonic number 5m (?^) = Yll=i 1/^™" and the polygamma function = d/dx{hiT{x)). 
The series summation in ()D.6P as well as other sums in this section is performed using the XSum- 
mer package for FORM by Moch and Uwer ^24i i27j . Finally, adding ()D.6p to ()D.4p we obtain 

/OO 1 
c^{phi{p)e'P''dp = Ae-^a - -vr^e"'" + 4 cosh a In (l + e'^^^) (D.8) 
OO -J 

-2cosh(Tln2 (l + e-"^") - 4coshcjLi2 {-e'"^") , 
which after the analytic continuation along the path B results in 

(cr) = —Aiire'^ + Sina cosh a + Sin cosh a ln(2 cosh a) (D.9) 
for an arbitrary positive cr, where 

In the Regge limit (cr ~ — l/21n(l — ui) — )• oo) after the analytic continuation we obtain 

/^rw^-^-""^'""'"'' (DAI) 

a/I - lii yl - ^1 
and the remainder function ()46p at two loops at the double logarithmic accuracy reads 

Rqpe ~ ~ 4' Th^{a) =^ — zvr cos(02 — (/'3)|u'| ln^(l — ui) (D.12) 

—in cos(02 — (/'3)|if I ln(l — ui) — 2iTr cos(02 — </'3)|if | ln(l — ui) In 

+2i7r cos((/>2 — </'3)|tf^| ln(2) ln(l — ui) — 2m cos(</>2 — </'3)|tf | In \w\ + 2iT:\w\ In 2 

~ — z27r cos((/)2 — (/'3)|u'| In \w\ ln(l — ui) — i2'K cos((/)2 — '/'3)|'^| In I'^l- 



' ^ ^ T7 . 1 I -I- T) I 

n=l n=l 
°° ^n„-(T— 2nCT _ 



The expression in ()D.12p reproduces the BFKL result, despite the fact that we considered only 
liip) P^-rt (see (ID.lh ) of the anomalous dimension 71 (p) in (f30]l . 

In a similar way we calculate the contribution from Ji^p) at three loops. First we close the 
contour in the upper semiplane and find the residue of /2(p) in ()D.3p at the second-order pole 
p = i 

i2TTRes{f2{p),i) = 'ie'^'a + Qe'" - ^vr^e"'^. (D.13) 
Next we calculate the residue of f2{p) at the simple poles in the upper semiplane for p 7^ i 

n(l + n) 

v 2(-i)"^-;---yn+i) ^ _ ^^^^^^^^^ 

^-^ n 1 + n 

n=l ^ ' 

-4 cosh aLia (-e"^'") + 4 cosh a In (l + e"^'") Lia (-e'^'") - 6e"'" 

cosh 0- In^ (1 + e-'^") - 4 cosh a In^ (l + e"^'") + 4 cosh cr In (l + e''^") . 

The expression in (fm3]) together with (lDl4l> gives the required integral 

/oo 
c°(p)(7r(p))^e^P'"dp = 2e'"Li2 (-e-^'^) - ScoshaLia (-e-^^^) (D.15) 
-00 

27i-2ga- 

-4 cosh o-Lis (-e"^'") + 4 cosh ct In (l + e"^"^) Liz (-e"^'') - 4e'^o- + — — + 8a cosh a 

--vr^cosha + - cosh it In^ (l + e'"^") - 4 cosher In^ (l + e"^'^) + 4 cosher In (l + e"^'^) . 
3 3 

After the analytic continuation of (o") along the path B we get 

A^(cr) = -8i7rcosh(TLi2 {-e'^") - Sivrcr^ cosh cr - Siire^a - Air^e" - Ame" (D.16) 

+87r^fr cosh cr + IGivro" cosh a in^ cosh a — Sin cosh a \v? (2 cosh cr) 

3 

+87r^ cosh cr ln(2 cosh cr) + IGivr cosh cr ln(2 cosh cr) . 

In the Regge limit (cr ~ — l/21n(l — ui) — )• 00) after the analytic continuation we obtain 

, , , 2i7r^ 47r2 Aiir 2i7r ln^(l - m) ,^ 

h^{a)^--^^=-^^=- (D-17) 

3vl — V 1 — "Ui V 1 ~ ^1 V 1 ~ 

47r2 ln(l - til) 4i7rln(l - til) 



\/l — a/I — ^1 

and the remainder function (|46p at three loops in the double logarithmic approximation 
reads 

2 

Rqpe ~ cos(/> e""^ -^h2{a) =^ — — cos(</)2 — (/'3)|tD| In^ |t(;| ln^(l — ui) (D.18) 
— vr^ cos(02 — '/'3)|'U^| In^ \w\ ln(l — ui) — iir cos((/)2 — 03)|^^| ln(l — ui). 

For simplicity of the presentation we retain only the leading and the next-to-leading terms in 
ln|?x;| in ()D.18p . The first two terms in RHS of ()D.18P reproduce the BFKL result in (j26p and 
(I27p . while the last term is not captured by the LLA BFKL analysis. 



Using the same procedure we calculate the contribution of 7^ (p) at four loops. First we find 
the residue of f^ip) at the p = i 

i2'KRes{h{p),i) = e'" (8 - vr^ + 4cj) (D.19) 

and then at other (simple) poles in the upper semiplane 

^-^ ^-^ n 1 + n 

n=l n=l ^ ' 

^ _ |, 2(-l)".-'-'"-53(„ + l) ^ ^ _ ,„ (J ^ ^-.) 

^ n(l + n) 15 ^ ^ 

n=l 

+4coshc7ln(l + 6"^'') -ee^'^dln^ (l + e"^"^) - Gcoshaln^ (l + 6"^'') + 12crcosho-ln2 (l + 6-2^^) 
+2e-'^ In^ (1 + e~2'^) + Se"^ In^ (l + e''^") + 4o- cosh a In^ (l + e~2'^) - Ge^'^Liz (-e"^^) 
-2e'"Li2 (-e-^"") + Ge^'^ln (l + e"^'^) Lis (-e"^") - 6 cosh a In^ (l + e''^'') Liz (-e"^'") 
-4coshf7Li2 (-6"^'")^ - 6e-'"Li3 (-e^^'") - 2e'"Li3 (-e'^'^) + 4 cosh a In (l + e'^'^) Lig (-e'^'^) 

-6«'Li3 (y^^) - 12 cosh a In (l + e'^'^) Lis [j^^ - 4coshaLi4 (-e-^^) 
-24coshcjLi4 (^jip^^) + 12 cosh crLi2,2 (-e"^'') + Oe'^Cs - 12 cosh a In (l + e"^'^) Cs- 

Adding the contributions of the second-order pole in ()D.19p and simple poles in ()D.20p we 
readily obtain 

/OO A 
c°(p) {lx{v)f e'^^dp = -T^'^e-" + Aae'" + — vr^ cosh a - c'^tt^ In (l + e^^'^) (D.21) 
-00 15 

+4 cosh cr In (1 + e"^'") - 6e~''o- In^ (l + e"^"^) - 6 cosh In^ (l + e"^'") + 12o- cosh In^ (l + e"^'") 
+2e-'^ In^ (1 + e~2'^) + Se"^ In^ (l + e-2<^) + Acr cosh o" In^ (l + e~2'^) - Ge^'^Liz (-e'^'^) 
-2e'"Li2 (-6"^'") + 6e"'"ln (l + e'"^") U2 (-e"^'") - 6 cosh a In^ (l + e'"^") U2 (-e"^'") 

-4coshaLi2 {-e-'^^'f - Qe'^'U^ (-e"^") - 2e'"Li3 (-e'^'") + 4 cosh a In (l + e'^'") Lig (-e"^'") 
-6«'Li3 (y^^) - 12 cosh a In (l + e~^-) Lis {jT^) " ^^^^^^^^^ (-^~'') 
-24coshcjLi4 {j-^-p2^ + 12 cosh crLi2,2 {-e'"^") + Oe'^Cs - 12 cosh a In (l + e-^"^) Cs- 

In a similar way we calculate also h^{(7) needed for the five-loop remainder function in (j46p . 
First we find a contribution from the second-order pole of f4,{p) 



i2'KRes[fi{p),i) = -e'" (l5 - + 6cr) (D.22) 



and then simples poles 



nil + n) 

n=l n=l ^ ' 

^ 2(-l)"e-"-2""5f (n + 1) 

~ n(l + n) 

n=l 

The series in (|D.23p is also summed using the XSummer package for FORM and together 
with the double-pole contribution in ()D.22p it results in 



/oo A A. A 

c\p) iliip)) e'P^dp = -e-'^TT^ - + Ide^Cs (D.24) 

-- coshfTln^ (1 + 6-2^^) - 3e-^ In^ (l + e'^'') - Strcoshaln^ (l + e'^") 
o 

+6 cosh aln^ {1 + e'^'') - -e"'" In^ (l + e-'^") - Se-^a In^ (l + e-^"") 

3 

+32a cosh a In^ (l + e-^") + ^ cosh a In^ (l + e'^'") + 8 cosh aU2 {-e^^") In^ (l + e^^"") 
+166" a In^ (1 + e'"^") - 8 cosh o" In^ (l + e'^") - 24 cosh tjLia (-e"^'^) 111^(1 + e^^'") 

+12e'"Li2 (^Y^^^) (1 + ^"^'') - 8cosh(TLi3 (-e'^'") In^ (l + e'^") 

+24cosho-Li3 (^j:^^^) + '^~^'') + 24 cosh crCs In^ (l + e'"^") 

8 16 

+4 cosh fjLia (-e~^'^) ^ In (l + e'^") vr^ cosh cr In (l + e"^") vr^ cosh cj In (l + e'^") 

15 3 

+4 cosh (Tin (1 + e-^'') + IGe^'^Lia (-e"^'') In (l + e'^'^) - 8cosh(jLi2 (-e"^'") In (l + e"^'^) 
+16coshaLi3 {-e'^") In (l + e'^'^) - 24e~'"Li3 (^j^^^) + ^~^'') 

+4 cosh aUi {-e'^") In (l + e'^'") + 48 cosh aU^ In (l + 

-32 cosh fTLi2,2 (-e"^'") In (l + e'^") - 48 cosh crCs In (l + e'^") + ^e-'^vr^ In (l + e"^'") 

-6e-'"Li2 ^ - 4 cosh tTLi2 f-e^^'") ^ + 4e~'"CT + —n^ coshfa) 

15 

-8coshc7iJo,o,o,i,i (-e"^") - 20coshcri?o,o,i,o,i {-e'"^") - 48 cosh ai^coAi,! (-e"^'^) 
-12coshcri?o,i,o,o,i (-e"^'^) - 16cosho-i?o,i,o,i,i (-e"^'^) - 16 cosh cri/o,i,i,o,i (-e"^'") 
-6e-'"Li2 - 4cosh(a)Li2 (-e^^^^ _ iQg-'^Lig (-e-^-^) 

-4coshf7Li3 - IGe'^Lig (^j^^^) ~ 6e"'"Li4 (-e"^'") 

-4coshaLi4 (-e-2-) + 24e-Li4 (j^^) " 96coshaLi4 (jT^) 
-4coshf7Li5 (-e-^'") + 8e-'"Li2,2 (-e"^'") + 32 cosh fTLi2,2 (-e"^'") . 

The function h^{(7) in ()D.24p is expressed in terms of the classical poly logarithms, and the 
harmonic polylogarithms (HPL) [23] Ha^^a2,...,a„{x) are recursively defined by 

Ha,,a2,...,aAx) = [ dtga,{t) Ha,,...,aM , ai = 0,±l, (D.25) 

Jo 

where 

9±{x) = -^, go{x) = -, H±{x) = ^ln{l^x), Ho{x)=lnx (D.26) 
1 =F X X 

and at least one of the indices is not zero. For all aj = 0, one has 

i?o,o,...,o(a;) = ^ln"x. (D.27) 

For a nice introduction and the list of HPL with the transcendentality (number of indices Oj) 
up to four the reader is referred to the appendix of [28]. In particular, we used here 

Ho^o,i,i{x)=U2,2{x). (D.28) 
.'^4 



The analytic continuation is similar to that done for two and three loops though due to 
a complexity of the calculations it is much easier to perform the continuation together with 
subsequent Regge limit a — )■ +00. In this case only those HPL, which have all rightmost indices 
1 contribute in ()D.24|1 . Other HPL, where the index stand to right of the index 1 all vanish 
for a — )• +00 after the analytic continuation. As simple example, we analytically continue 
("6"^°"), noting that 

Ul 

for the analytic continuation along the path B, where a ~ l/21n(Mi/(l — ui)). In the multi- 
Regge kinematics \ui\ — )• 1~ and the expression in ()D.29p rotates in the anti-clockwise direction 
around the origin as explained in the previous section. Using the integral representation of HPL 
(jD.25p we perform the analytic continuation 

1 — lit-il , 1— luil ,/ 1 — |lt-|| , 

dt /■* dt' „ f^n^ dt' /■* dt" f-^^ dt /■* dt' 

i2TT 



/■* dt' f- 


1— kil 

dt' r 








T jo 



^ — t Jl t' Jq t' Jq 1 — t" Jq 1 — t J I t' 

Regge limit 

= i/1,0,1 _ i27ri?o,i (-e-'") - i2^i/i,o 0. (D.31) 

Note that the singularities of HPL functions are determined by the rightmost index. All HPL 
appearing in (ID.24P have the same rightmost index 1. This means that the branch cut of all 
HPL appearing in ()D.24p is the same as the branch cut of Fi(-e~2'^) = - In (l + e^"^"). The 
classical polylogarithms Li„ (—6"^°^) have the same cut structure as well, because they are a 
special case of HPL with the rightmost index 1 , namely 

Li„ (-e-2-) = Fo,o,...,o,i (-e"'") > (D.32) 

where n is the number of indices. For Li„ {~^~'^") t)ut the rightmost indices are 0, so that 
they do make a contribution after the analytic continuation in the Regge limit and can be 
compactly written as 

Li„ {-e-'^) ^ Li„ {-e-'") - .27r ^~^.^ + 7f (D.33) 
^ ' ^ ' (n — Ij! 

for arbitrary value of o" > 0. In the expressions for h^^a) and h^^a) for the first time we have 
the generalized Nielsen polylogarithm Li2,2 We write the integral representation of the 

corresponding HPL and analytically continue it (along the path B) to our region 

T- i -2a^ ^ / -2a^ f'-^dt f'dt' /■*' dt" /■*" dt'" 







_ t' ./n l-t"./n l-t 

2 



r— dt f'dt'l^ 2/ /^ f'^^ dt f'dt'l, , , 

There are also classical polylogarithms of the argument 

1 



1 + e- 



(D.35) 



in h^{cr) and h4{a). However, they remain the same after the analytic continuation because the 
circular path of the continuation ui = |ni|e*'^ with < iIj < — z27r never crosses the singularities 
of these functions. Using these results we readily find the contribution of the maximal powers 
of 7]~(p) in the integrand of the remainder function (146 p . In the Mandestam region in the 
multi-Regge kinematics we get 

, 24i7rC3 Svr^ Ain^ Svr^ Aiir 2i7r ln^(l - ui) 

a/I-UI 3^/1 -Ui ^/l-Ul ^/l-Ul 3^/l - Ui 

47r2ln2(l - til) 2i7rln2(l - ui) _^ 6i7r3ln(l - ui) 87r2ln(l-ni) 4i7rln(l-ni) 



^/l — Ui a/I — Ui y/1 — Ui y/l — Ui \/l — Ui 

which gives the four loop expression 

3 

^OPE = - COS e-^ (^) =^ cos(02 - <p3)\w\ lu^ \w\ ln^{l - ui) (D.37) 

9 

cos(02 — '/'3)|^^| lii^ l^^l ln^(l — ui) cos((^2 — </'3)|^| l^^ |^| ln^(l — Ui). 

3 6 

In (|D.37p we retain only the leading and next-to-leading powers of ln(l — ui) in terms leading 
in In \ w\. At five loops for u — )• oo we obtain 

48^2^3 , 48mC3 I6C3 353^5 67871^ 154^3 

hi (ct) =^ -j== + -j== - -j== - ^ + r- „ (D.38) 

V 1 — u\ \J\ — u\ \J\ — u\ by 1 — u\ oy 1 — u\ oy 1 — u\ 

127r2 A_m mln^(l-ui) 27r2 ln3(l - ui) 2m\\l{\-ui) ^'^m'^\Y?{\-u{) 



67r2 ln2(l - ui) 2i7r ln2(l - ui) _^ 227r^ ln(l - ux) ^ ISivr^ ln(l - u{) Utt"^ ln(l - m) 



\/l — ^1 \/l — ^1 3a/1 - ni y/l — ui VI — 

4i7rln(l - m) ^ m\n^{l-ui) 2ti'^ \r? {I - ui) 2i7r ln3(l - ui) 

VI - ui 6V1 - ui VI - ^1 3V1 - ui 
which gives 



^OP£; = ^o^'^^ ^ -^^4 (^) ^ -^cos((/)2 - (A3)|w^| In* ln''(l - lii) (D.39) 

-— cos((^2 - '/'3)|^t'| In'' |w| ln3(l ~ ""i) ~ 7^ cos((/)2 - (/'3)|'w| In'^ \w\ \t?{1 - ui). 

As in the previous case we leave only the leading and the next-to-leading powers of ln(l — ui) in 
terms leading in In The first terms in RHS of both (ID.37P and (ID.39P reproduce the BFKL 
result in the Double Leading Logarithmic Approximation given by (j26p and ()27p . The last term 
in RHS of both (ID.37j) and ()D.39p is currently not available in the LLA BFKL approach and 
requires a knowledge of the next-to-leading BFKL intercept in the adjoint representation. We 
showed that the BFKL prediction in the Double Leading Logarithmic Approximation can be 
reproduced up to five loops by analytically continuing the OPE expression for the remainder 
function (|46p to the Mandelstam region, taking into account only the maximal powers of 7]~(p). 

On the other hand any power of 7x'(p) in the integrand of (I46p makes the corresponding 
part of the remainder function to be suppressed by one power of ln(l — ui) in the Mandelstam 
region. These subleading contribution are not captured by the BFKL analysis presented here 
and require a knowledge of the next-to-leading BFKL intercept in the adjoint representation as 
it has been mentioned before. As a simple example of the above statement, we calculate the 
contribution of '^i{p) at two and three loops. For this purpose we generalize the definition of 
hk{(T) in ()D.2p to include also powers of 7j^(p) in the integrand 

hk-^i^) = r ''(P) i^i(pT htiP)f~"'e'^'^dp. (D.40) 



4 

r . , . ITT 



From the corresponding expression for 71 (p) = 71" (p) +7i (p) given by hi{a) in (j44p and h-^ (a) 
in (ID.8|) we readily obtain 

hi (a) = hi{a) - h{{a) = 4coshcjLi2 (-e"^'") + 60-^ cosh cj + 4e~'"o- + -vr^e"'" (D.41) 

3 

—4a cosh a — 2 cosh o" In^ (2 cosh o") — 4(T cosh a ln(2 cosh o") + 4 cosh a ln(2 cosh o") , 

which after the analytic continuation along the path B gives 

h+{a) -h+{a) + A+(ct), Af{a) = -Aiwe" . (D.42) 

The leading contribution of the remainder function (j46p in the Mandelstam channel then is 
given by 

Rq]^e = — cos 4>e~'^Thf [a) =^ — ivr cos((/>2 — 03)|if | ln(l — ui) (D.43) 
—iln cos((/)2 — 03)|w| In \w\ + i2-K cos((/)2 — <?!'3)|u'| In 2, 

which is suppressed by at least one power of ln(l — ui) with respect to the leading term in Rqp^ 
of (|m2l) . 

This suppression holds also at three loops as described below. Using h2{cr) = /i2~(c) in 
(jP.lSP we can easily obtain 

/oo 
c°(.p)(.ltiP)fe'''"'dp (D.44) 
-00 

by complex conjugation of /i^(cr) with subsequent substitution a — —a 

= h^'i-a) = -2e"'"Li2 (-e^^'") + 8Li2 (-e"^'') cosh a - 4Li3 {-e''^'') cosh a (D.45) 
-4Li2 (-e^^'") In (l + e^'") cosha + — cj^ cosher - Ae'^'a^ + 16^^ cosh a 

O 

-8fT^ In (1 + e^'^) cosh(fT) + 4e"'^o- + -vr^e"'^ + -vr^cJCOshfT - Bfjcoshfj 

3 3 

4 2 

+- In^ (1 + e'^") cosh a - 4 In^ (l + e'^") cosh cj - -tt^ In (l + e^'') cosh a + 4 In (l + e'^") cosh a. 
o o 

The mixed term defined by 

/>oo 

= / c^iphtiPhiiPy^'dp (D.46) 



—00 



can be readily obtained from /12(c) in (j52p . ft,2 (o") = (c) in (|Dl^ and /i^+(cj) in ([DliS]) 
= i (/i2(c7) - /i^+(f7) - h^'ia)) = 8aU2 (-e"^'") cosha (D.47) 

H o"'^ cosh fj + Se^'^o" vr^o" cosh o" — IGo" cosh a -\ — In^ + ^^'^) cosh o" 

3 3 3 

-4a In^ (1 + e^'^) cosh - 4 In^ (l + e^") cosh a + 8cr In (l + e^") cosh a 

2 

+-7r2 In (1 + e^") cosh cr + 8 In (l + e^") cosh + 8U3 {-e'^") cosh cj. 

Next we perform the analytic continuation of /i^^((7) and /i^^((t) along path B obtaining 

-h^+{a) + A++((j), A++(cj) = -Aiire" (D.48) 

and 

-ht-ia) + A+-(ct), (D.49) 



where 

A^"(cr) = 8i7rLi2 (-e"^'^) coshfj + IGivro-^ cosh o" + Siyre"'^ + -ivr^ cosher (D.50) 

3 

— IQiTT coshfj — 4i7rln^ (l + e^*^) cosho" + Sivrln (l + e^"^) cosho". 

In the Regge hmit a — )• oo this reads 

,++. N ^ 4i7r ^ 2i7r3 Sivr 4z7rln(l-ni) /-p, r;i n 

Vl-'"i 3^/l-Ul vl - til V 1 - ^^1 

Finahy plugging (|D.5ip in RqI^j^ and RqP^ defined by 

2 

i?gj,++ = cos(/> e-^y/i^+(cT), = cos e-^T2/i^"(cT), (D.52) 



we obtain 



^ ^cos((/>2 - (^3)kl (-61n(l - m) + 7r2 - 12) (ln(l - m) + 21n|u;| - 21n2)2 

^3 



~ —ilir cos((/)2 — <?!'3)|tD| hi(l — ui) In^ \w\ H cos(02 — (/'3)|u'| In^ \w\ (D.53) 

3 

—iAir cos((/)2 — </'3)|'U^| lii^ \w\ 

and 

^ol4^ =^ cos(</)2 - 03)kl ln'(l - ni) (D.54) 

+Z7r cos(02 — </'3)|^^| In 2 ln(l — ui) — iiT\w\ In^ \w\ — ivr cos((/>2 — </'3)|tf^| In^ 2 

+z27r cos((/)2 — </>3)|t(;| In 2 In — ivr cos((/)2 — 03)|w| ln(l — ui) hi ~ — i7r|t(;| hi^ \ w\. 

Comparing (jP.lSp . ()D.54p and ()D.53P one can see that each power of ^fip) in the integrand 
of the remainder function Rqpe in (|46p introduces an additional suppression by one power of 
ln(l — ui) in the terms leading in In 

In this section we found that the BFKL result in the Double Leading Logarithmic Ap- 
proximation (DLLA) can be reproduced taking into account only {p) in the OPE remainder 
function ([l6|) . Each power of '^f{p) introduce an additional suppression in ln(l — ui) and the 
corresponding contributions are not captured by the LLA BFKL analysis. 
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